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1 Introduction to Computer Vision

1.1 What is Computer Vision?

Various computer vision systems have become widespread in many areas of life. This is due to
the rapid growth of available computational power, the proliferation of devices, and significant
advancements in the algorithms used in these systems. These algorithms have numerous appli-
cations: from robotics and automation to virtual and augmented reality systems, and even the
entertainment industry. Furthermore, there is significant potential for applying these methods in
public service areas.

The goal of the field of computer vision is to extract information relevant to another decision-
making application or a human from images or sequences of images using algorithmic tools. The
biggest challenge of the task is that even a single image consists of millions of data points (pixels),
which can form images in orders of magnitude more configurations. Processing such a large amount
of data requires efficient algorithms and high-performance devices.

Another difficulty in the field is that, although humans can determine vital information from
a seen image (and in fact, the eye is the most important human sense), we process most of this
information subconsciously, making it challenging to translate these abilities into exact algorithms.
This problem is further complicated by the likelihood that many of our vision-based decisions also
rely on information obtained through other senses. Due to the above issues, heuristics, machine
learning, and mathematical optimization-based methods are often used in the field of computer
vision, though their correct operation for every possible scenario cannot be guaranteed.

These algorithms can be categorized in various ways. One of the most common categorizations
is based on the goal (output) of the procedures. Here, we distinguish between image processing
and computer vision algorithms. In the case of image processing, the goal is to produce a new
image that is, in some way, more advantageous than the original one. These procedures are often
intended to aid further image processing or improve visibility for humans.

On the other hand, computer vision algorithms output some information extracted from the input
at a higher level of abstraction, rather than generating another image. Additionally, we distinguish
cases where these procedures are used in an embedded system (machine, car, robot, phone, etc.),
in which case we talk about machine vision. A commonly used term is video analytics, where the
input to the algorithm is a sequence of images.

Within computer vision, we often distinguish between solutions that use machine learning algo-
rithms during operation, and this field is referred to as learning vision. Special attention is given
to solutions that use deep learning, which has become extremely popular in recent years. Despite
their diversity, the other methods in this field are referred to as traditional vision.

Traditional vision solutions typically consist of four important steps, the first of which is the
acquisition of the images or image sequences to be processed. This is usually followed by an image
enhancement step, during which we seek to minimize the impact of any image defects or noise.
In this step, other conversions that aid processing may also be performed. The third step is the
extraction of features from the image that are useful for solving the given task. In the final step,
the algorithm determines the final output based on the extracted features and other data—this
step is generally referred to as decision-making.
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Figure 1.1: The algorithmic steps of traditional vision.

1.1.1 Basic Tasks and Challenges

The primary goal of computer vision is to extract high-level information from images. The simplest
form of this is the task of classification, where we assign a single label to an image that encodes
the category of the object in the image. In certain cases, a bounding box around the object is also
assigned along with the label, in which case we refer to localization. However, in real-world images,
multiple objects of different kinds may appear in several instances, requiring the recognition and
localization of each relevant object. This task is known as detection.

In some cases, besides the position of objects, we may need to gather information about their
shape and pose, for which a bounding box might not be sufficient. In such cases, it may be useful
to classify each pixel individually, producing a mask image where the value of each pixel encodes
the class of the object to which it belongs. This task is known as semantic segmentation. One
drawback of this task is that adjacent objects of the same class may merge, so to avoid this, we
can assign both class and object labels to the pixels, leading to the task of instance segmentation.

Figure 1.2: The tasks of detection and segmentation.

We can, of course, go beyond just detecting objects as accurately and in as much detail as possible.
We can attempt to extract properties of the individual objects (e.g., gender, age, mood of people)
and their relationships (e.g., containment, geometric relations, activities) from the image and
organize them into a system. With such complex information, we may be able to make well-
informed decisions based on visual information. This task is called scene understanding.

When we aim to extract high-level semantic information from images, we must confront several
challenges. The first is that the image of the same object can undergo significant changes due
to different lighting conditions, so the numerical value of the pixels belonging to the object will
not even approximately match. Similar difficulties arise from rotation, scaling, and perspective
distortion, all of which cause considerable changes in the recordings of the same object. Additional
problems arise when some objects are deformable, which again alters the values of descriptive
features. In real images, it is also common for a significant portion of objects to be occluded,
meaning we must recognize them based on only a partial image.

In classification and detection tasks, however, we are not trying to recognize a single specific object
but a semantic class. A class can contain many different objects, which can vary significantly
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Figure 1.3: Object relations (left) and face detection combined with age regression (right).

(depending on the class). Furthermore, in the real world, it is common for class members to show
no visual similarity, and their belonging to the same class can only be determined based on some
physical or functional similarity (consider, for instance, chairs of different designs). This issue is
called intra-class variation and is one of the greatest challenges in semantic classification.

Added to the above difficulties is the so-called semantic gap. The semantic gap concept refers to
the seemingly insurmountable difference between the digital representation of images and human
interpretation. This gap makes it quasi-impossible to formulate more complex computer vision
problems as simple algorithms.

1.2 Imaging

The most fundamental task in computer vision is creating the images to be processed. Although
cameras are well-known, everyday devices, understanding their operation and key properties is
essential to choosing the right device for a particular application. In this chapter, we present the
different types of sensors and the differences between them.

The operation of cameras is largely based on the principles of the human eye. The human eye is a
hollow spherical body with an opening, the pupil, located at the front, through which light enters
the lens positioned directly behind it. The lens focuses the parallel incoming light rays onto a point
that falls on the retina, the light-sensitive membrane located at the back of the eye. Thanks to
the lens, light rays coming from the same direction arrive at the same spot on the retina, ensuring
sharp human vision.

On the surface of the retina, numerous light-sensitive cells are located that transmit stimuli to
the nervous system. There are two types of light-sensitive cells: the more common rods only
detect light intensity, as they have similar sensitivity across the entire range of visible light. In
contrast, the less frequent cones are only sensitive to the frequency ranges of blue, green, or red
light, enabling the perception of colors.

Figure 1.4: The distribution of cones on the retina.
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1.2.1 Sensor Types

Cameras are constructed similarly to human vision: due to their geometric design, incoming light
rays are projected onto a sensor array, and the measured values create the image. The geometric
design of cameras will be discussed in detail in a later lecture. Besides the physical construction of
the camera, the type of light-sensitive devices in the sensor array is also crucial. Light detection is
typically accomplished using photodiodes. Photodiodes operate on the principle of photoelectricity,
meaning that when photons with sufficient energy hit the P-N junction of the diode, they generate
an electron-hole pair. If this occurs in the depleted region of the diode, the electric field causes
them to move, resulting in an electric current.

Electric
field

Figure 1.5: The operating principle of a photodiode.

There are two widespread types of light sensors: CCD (charge-coupled device) sensors and active
CMOS (complementary metal-oxide-semiconductor) sensors. The individual elements of a CCD
sensor are analog devices that store electric charge when photons strike them. After the exposure
time, the outermost cell in each row transfers its charge to an output amplifier, and then the cells
pass their charges to neighboring cells. Based on the described principle, the CCD sensor is read
out row by row, and within each row, element by element.

+/-

g e e e ey s e

s s s s g g g

|,<

I

* T T
[ChageAmp | emsmsmsmemsm e
Figure 1.6: The operating principle of a CCD sensor.

A major drawback inherent to the row-by-row readout architecture of CCD sensors is vertical
smearing, a phenomenon where bright light sources create vertical streaks across the image. This
occurs because the charges must physically travel through pixels that are still actively collecting
photons during the readout phase, causing bright spots to deposit unwanted charge into every
bucket passing beneath them. In basic Full-Frame CCDs, this issue is not structurally solved,
requiring a mechanical shutter to completely block light during readout; however, these mechanical
parts are prone to wear, slow down frame rates, and introduce a point of hardware failure.

To mitigate this without moving parts, Frame-Transfer CCDs utilize a dedicated storage array
of equal size directly below the photoactive zone, shielded from light. Because the entire frame
can be shifted vertically into this storage buffer very rapidly—taking only the time it requires to
shift a single column—smearing is drastically reduced. The ultimate architectural solution is the
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Interline Transfer CCD, which embeds masked, light-shielded vertical CCD shift registers directly
between every active pixel column. This allows for instantaneous charge transfer and completely
eliminates readout smearing, though it introduces a trade-off: the physical shield reduces the
effective photoactive area of each pixel, thereby lowering the sensor’s overall quantum efficiency
and sensitivity unless paired with micro-lenses.

In contrast, in CMOS sensors, each cell has its own amplifier, making the readout of the sensor
array significantly faster. However, this comes at the cost of space taken up by the amplifiers within
the sensor array, which would otherwise be used for light absorption. To mitigate this drawback,
micro-lenses are added to the CMOS cells to direct photons that would otherwise hit the amplifier
towards the light-sensitive area. Due to their smaller size, lower power consumption, and more
favorable cost, most cameras use CMOS sensors. CCD sensors are primarily used in high-quality
video cameras.

Passive

URST

Rg' ubD

Active (APS)

Figure 1.7: The structure of passive and active CMOS sensors.

There are also several solutions for color detection in cameras, the most common and affordable
being the Bayer filter. The Bayer filter is a grid where each element allows only specific colors to
pass through. Placing this filter in front of the sensor array ensures that the individual CCD or
CMOS sensors only respond to these colors. Most Bayer filters have twice as many green elements
as blue and red ones, reflecting the sensitivity of the human eye.

Figure 1.8: The Bayer filter structure (left) and the 3CCD (right).

An alternative solution is the 3CCD sensor, where a prism splits the three color components and
directs them to separate sensor arrays, allowing for sharper color separation. Since this method
uses three distinct sensor arrays, 3CCD solutions perform significantly better than Bayer filters in
low-light conditions, though at a higher cost.

In recent years, specialized sensors capable of determining not only the intensity of each pixel but
also its distance from the sensor have become increasingly common. These devices add a fourth
numerical value to each pixel and are known as depth cameras.

There are essentially two types of these cameras: the first is known as a stereo camera, where
two cameras are placed at a fixed distance from each other in a single housing. The distance of
each pixel can be calculated from the correspondences between the two captured images. These
devices are usually calibrated during manufacturing, and the depth calculation is performed by
the processing hardware built into the camera.
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Figure 1.9: A color and a depth image.

On the other hand, infrared-based depth cameras consist of three components: a regular RGB
sensor, an infrared projector, and an infrared sensor. They project a predetermined pattern in the
invisible infrared spectrum, which is then read back by the infrared sensor. The spatial structure
of the scene is determined based on the distortion of this pattern. Infrared-based sensors are more
widespread because they provide better-quality results and require less processing. Their drawback
is that other infrared sources in the environment can interfere with the results.

Another type of sensor is the LIDAR sensor. This operates similarly to radar, deducing the
distance to objects from the delay and frequency of reflected electromagnetic waves, but it uses
laser beams instead of radio waves. Due to the tremendous improvement in the response time of
digital processing units, this technology can now measure extremely precise distances (on the order
of centimeters).

1.3 Image Properties

After being read out, the image captured by the sensors becomes a two-dimensional array of
numbers when it enters the computer. Each element of this array represents the intensity of the
light arriving at a particular position. These elements are called picture elements or pixels. In
most cases, pixels in the computer are represented by an 8-bit number, where 0 represents complete
darkness, and the maximum value of 255 represents a fully bright pixel. In the case of color images,
each position is associated with three numerical values, commonly referred to by the abbreviation
RGB (red-green-blue).

Figure 1.10: Structure of an image.
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Digital images have numerous important parameters and properties. One of the most well-known
is the resolution, which defines the dimensions of the numerical array. This parameter significantly
determines the image’s level of detail, but increasing it also increases the amount of data needed
to store the image. Another important parameter is the bit depth of the image, which indicates
the number of bits required to store a single pixel. The most common case is an 8-bit depth, but
in floating-point representations, this value can be 32. Compression techniques may also use bit
depths smaller than 8, which reduces the image’s level of detail to some extent. An image with a
bit depth of 1 is called a binary image.

Figure 1.11: The effect of reducing resolution and bit depth.

1.4 Compression and Storage

A significant problem may arise when storing images: for example, an average image taken by a
mobile phone contains tens of megabytes of information, and an average FullHD video can be in
the range of hundreds of gigabytes or even terabytes. This would impose a load that exceeds the
capacity and speed of today’s hard drives. For this reason, it is essential to briefly discuss various
compression methods. These methods generally exploit the characteristics of human vision; for
example, a pixel can be stored in 2 bytes by reducing the number of bits allocated to individual
color components in different ways, leveraging the specifics of color perception.

There are many common image formats, one of the most basic being BMP, which is an uncom-
pressed format. There are lossless compressed formats, the most notable of which is PNG, a raster
graphic format. This format is mainly used for compressing text and diagrams. It is also worth
mentioning the SVG and EPS formats, which primarily use vector graphic representation.

In lossy compression, the most widespread format is JPEG, and in the case of videos, MPEG,
which are typically designed for real images and videos. For videos, the H.264 and H.265 formats,
which are the latest versions of MPEG compression, are commonly used.

1.5 Color Representation

In computer vision, beyond the intensity information contained in grayscale images, we often utilize
the additional information carried by color images. Many simple detection algorithms are based on
color similarity searches. However, several issues can arise. For example, to make color similarity
searches reliable and robust, it is necessary that the pixel values describing the colors allow us to
easily express the similarity between colors.

The most commonly used color representation in cameras (also known as the RGB color space)
is not suitable for this purpose. The geometric distance between two points describing colors in
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the RGB color space does not reflect how similar the two colors appear to human perception.
Moreover, if the lighting conditions change, all three values in an RGB image change, even though
the color of the object in the image has not changed.

The goal of color space transformation procedures is to provide a new color representation that can
accurately describe color similarity and be robust to changes in lighting, without losing information.
These transformations define a new color space. In certain cases, the transformation can be
described using a matrix multiplication.

(518, 83) =C(RG B 1) (1.1)

(R G B) =c! (Sl S S3 1) (1.2)

The most common color space conversion is grayscale conversion, where a single brightness-like
value is derived from the three color channels. There are many methods for this, with the most
commonly used being luma (Y), intensity (I), value (V), and luminance (L). These are calculated
as follows:

Y =0.3R+0.59G +0.11B

1 1. 1
I=-R+-G+-B
gh+ 3G+ 3

(1.3)

V =max(R,G, B)

maz(R, G, B) + min(R, G, B)

L:
2

One of the most commonly used color spaces is the YCbCr family, which has several minimally
different variants. Of the three channels, Y is a separated brightness component that represents
the brightness of a given color. The other two channels, Cr and Cb, encode the hue of the color.
This solves the issue of lighting change, as the effect of this change will be mostly contained into
the Y channel, leaving the other 2 mostly unchanged. This color space is commonly used in digital
video systems, as well as in JPEG and MPEG encoding. In practice, the YCbCr color space is
often confused with the YUV color space, which operates on a similar principle but is used in
analog systems.

+.1 +.2 +.3 +.4

Figure 1.12: The UV plane of the LUV color space.

The transformation matrix for YCbCr is as follows:

0299 0587 0.114 0
o | -0.169 —0.331 05 128
YEor =1 05  —0.419 —0.081 128
0 0 0 1

(1.4)
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Another commonly used family in image processing is the HSV/HSI/HSL family. These color
spaces share the characteristic of describing color information using two values, hue and saturation,
while the main difference between representations lies in how brightness or intensity is represented.
This color space can be easily visualized in the form of a cylinder or cone. Both of these alternative
color spaces are frequently used in color-based processing, since this space is close to how humans
understand color. Think: when you describe a color as a "bright (V), vivid (S) green (H)” you are
effectively giving its HSV coordinates.

Figure 1.13: The HSV color space can be represented using a cone.

The conversion to the HSV color space is nonlinear, meaning it cannot simply be described by a
transformation matrix. The method is as follows:

V = max(R,G, B)

_ V—min(R,G, B)

S
v

if S==0 then H=0

B V-R . V-G - V-B (15)
T V-—min(R,G,B) ' V-min(R,G,B) " V—min(R,G,B)

Cr

if R==V then H=0+60x(c, —cq)
if G==V then H=1204+060x (¢, —c)
if B==V then H =240460%(cq—c;)

Behind the seemingly complex saturation and hue calculations lies a simple principle: Saturation
is proportional to how much stronger the most dominant color component is compared to the
weakest one. Following this, the three color components are placed at three equally spaced points
on a circle: red at 0 degrees, green at 120 degrees, and blue at 240 degrees. Subsequently, the
two weaker color components pull the current color in their respective directions. HSV solves
both problems of RGB: brightness is separated into a separate channel, while color distance and
similarity are strongly connected.
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2 Image Enhancement, Filtering

2.1 Intensity Transformations

One of the simplest methods of image enhancement is the use of various intensity transformations.
When applying this method, the algorithm processes the image pixel by pixel, changing the value
of each pixel based on a predefined transformation function. In most cases, this transformation
function determines the new intensity value solely based on the previous intensity of the given
pixel.

There are several versions of these transformations: if a constant is added to the intensity of each
pixel, the brightness of the image can be adjusted (increased or decreased depending on the sign of
the constant). It is also possible to multiply the pixel intensity values by a constant, which allows
adjusting the contrast of the image. When performing a contrast transformation, a constant is
also added to shift the new intensity values to the center. It’s important to note that these
transformations assume that pixel values saturate, meaning they are clipped if the transformation
pushes them below the minimum value of 0 or above the maximum value of 255.

v
V=

Figure 2.1: Various intensity transformations: Increasing and decreasing brightness (top), and
increasing and decreasing contrast (bottom,).

A special type of intensity transformation is thresholding. In this case, pixels on one side of a
predefined threshold are set to 0, while those on the other side are set to 1, resulting in a binary
image. This operation can also be performed with two threshold values, setting values within
or outside the range to 1. Thresholding is particularly useful for highlighting pixels of a certain
intensity in an image, and from their quantity, size, or position, further conclusions can be drawn.
It is important to note that when using a predefined threshold, changes in lighting conditions can
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Figure 2.2: The result of thresholding.

significantly affect the outcome of the method, so in practice, adaptive thresholds—determined
based on the intensity distribution of the image—are often used.

Another commonly used intensity transformation is gamma correction, which is a nonlinear power-
law transformation. This is primarily used to bridge the gap between how sensors capture light
and how displays and human eyes perceive it. While digital camera sensors have linear sensitivities
to light, standard display devices possess a nonlinear power-law response (typically with a gamma
value of roughly 2.2). Furthermore, the human visual system perceives brightness nonlinearly,
exhibiting higher sensitivity to variations in darker tones. To optimize bit-depth allocation for
human perception and ensure that the final light emitted by a display realistically matches the
original scene, images are gamma-encoded (typically with a gamma of roughly 0.45) prior to storage
or transmission.

Intensity transformations can also be used on multichannel (i.e., color) images. In this case, the
transformation functions are applied independently to each color channel. Naturally, different
functions can be used for each channel, allowing the adjustment of color relationships and relative
dominance in the image. When using thresholding, certain colors can be highlighted, enabling the
detection of objects of a specific color.

2.2 Histogram

While intensity transformations are simple and fast methods, their robustness can leave something
to be desired. This is why transformations based on the image histogram are often used. A
histogram shows the relative frequency of each intensity value in a given image or color channel
(in this sense, it is the empirical density function of the intensities). Histograms can often help
detect and correct errors in image capture, usually related to lighting or exposure.

In underexposed images, due to the short exposure time, not enough photons hit certain elements
of the sensor array, resulting in even the brightest pixel having a relatively low value. Consequently,
the intensity range of the image is compressed into the lower half of the full range, making the
details of the image difficult to see. In overexposed images, a similar phenomenon occurs, but due
to the excessively long exposure time, the dark pixels become too bright, and the image information
is compressed into the upper portion of the range.

To improve image quality before high-level processing, simple intensity transformations can adjust
global brightness and contrast based on the image’s histogram. By analyzing the minimum and
maximum populated intensity bins, one can apply a linear contrast stretch to map the active
dynamic range to the full available spectrum (e.g., 0 to 255 for an 8-bit image). Adjusting the
slope of this linear transformation scales the contrast, while adding or subtracting a constant offset
shifts the brightness, effectively sliding the entire histogram left or right. While this linear approach
helps optimize the usage of the dynamic range in uniformly under- or overexposed images, it cannot
fix severe exposure errors where the data is bunched up into a tight, highly skewed peak.
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To resolve these highly nonlinear distribution errors, the histogram equalization algorithm is uti-
lized. In poorly exposed or low-contrast images, the histogram significantly deviates from a uniform
distribution, crowding narrow bands of intensity. The goal of the histogram equalization algorithm
is to approximate a uniform distribution by mapping the cumulative distribution function (CDF)
of the input image to a linear output. This process effectively packs rare, sparsely populated inten-
sity bins together and stretches out the common, highly populated bins across the entire available
dynamic range, maximizing global contrast. It is important to note that the discrete nature of
this mapping results in an irreversible loss of information due to the quantization and merging
of neighboring intensity values. Consequently, while it is an excellent tool for improving human
visibility or balancing exposure variations for classical feature extractors, it should be used with
caution in precision radiometric applications.

Figure 2.3: Histogram equalization: the original image and its histogram (left), and the equal-
ized image (Tight).

2.3 Image Noise, Types of Noise

Images captured with real devices are always plagued by noise and various errors that complicate
processing. These noises come from different sources and, depending on their origin, can be of
various types. The most common type of noise in images is Gaussian noise, which results from the
internal noise of the pixel sensor and the surrounding electronics. This type of noise is typically
additive and independent from pixel to pixel.

Another common type of noise is salt-and-pepper noise, which causes significant deviations in the
value of individual pixels, but occurs only rarely, resulting in bright pixels appearing in dark regions
(or vice versa). This type of noise is most often caused by analog-to-digital converter issues or bit
errors during transmission. Noteworthy are also quantization errors occurring during digitization
and periodic errors caused by possible electromagnetic interference.

2.4 Convolutional Filters

The most important members of the image enhancement algorithms family are the various filter
algorithms, which aim to improve image errors and noise. These procedures are based on convo-
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Figure 2.4: Gaussian noise (left) and salt-and-pepper noise (right).

lutional filtering. By applying a small filter window over the image, the new value of each pixel
position is determined by the result of the convolution operation between the filter window and
the pixel’s local neighborhood. The convolution operation is given by the following formula:

(k®I)(z,y) = Z Z E(u,v) * I(x —u,y — v) (2.1)

U=—Nv=—n

where I(z,y) is the pixel at the x-th column and y-th row of the image. As seen from the formula,
the convolution operation is simply the weighted sum of the pixels in the given neighborhood based
on the weights from the filter. In practice, filters are always designed such that the sum of the
weights equals one; otherwise, the image would be made brighter or darker. It is important to note
that although according to the convolution formula, one should move in the opposite direction
of the image patch and the filter, in practice, this is not always the case. Therefore, in reality,
we compute the cross-correlation operation, but it is still referred to as convolution, although the
results match only for centrally symmetric filters.

0,1:3+0,1-6+0,1-2+
+0,1:5+0,2-5+0,1 -4+
+0,1-3+0,12+0,1-5=4

Figure 2.5: The principle of convolutional filtering (left) and the convolution operation at a
given position (right).

2.4.1 Smoothing Filters

Convolutional filters used for noise reduction are called smoothing filters, with the simplest version
being the averaging filter. A slightly more sophisticated version is the Gaussian filter, which
considers pixels farther from the center with smaller weights, based on a Gaussian bell curve. By
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adjusting the standard deviation of the bell curve, one can control the strength of the smoothing,
and if different standard deviation values are specified for different directions, it is possible to
create a Gaussian filter that smooths much more drastically in one direction than in the other.

16| 4
4|1 1|1]1|1]1

[1]4]1
4
1

Figure 2.6: Some typical convolutional filters: The averaging filter (top left), the Gaussian
filter with two different standard deviation values (top right and bottom left), and
a horizontal averaging filter (bottom right).

One of the most fundamental properties of smoothing filters is that every element in the convolu-
tional window is non-negative, and the sum of the elements is exactly 1. If the sum of the weights
deviates from this, the filter will not only smooth but also brighten or darken the image. A good
property of convolutional filters is that they are linear operations, so successive filtering operations
can be easily combined. Additionally, for certain filter windows, it is possible to separate the filter:
in this case, a 2D filter can be replaced by two consecutive 1D filters. In this scenario, performing
the filter calculation requires 2 * N operations instead of N2. However, this can only be done for
rank-1 filter matrices.

121

2| |24 |2
1 1721

Figure 2.7: A 2D filter decomposed into two 1D filters.

Convolutional smoothing filters have two main problems: first, while they effectively remove noise,
they also blur some details in the image (especially sharp transitions and edges), making the
image appear less sharp. Second, since all such filters perform some form of averaging, they are
significantly affected by outliers (salt-and-pepper noise), which can distort the average value. As
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a result, these filters tend to smear rather than eliminate salt-and-pepper noise.

Figure 2.8: An image contaminated with white noise (left) and the effect of smoothing filtering
(right).

2.4.2 Sharpening Filters

In contrast to smoothing filters, where the filter weights are always positive, there exist filters with
both positive and negative weights, yet their sum equals 1. These are called sharpening filters and,
as their name suggests, are designed to enhance fine details and changes in images, making them
appear sharper. This type of filter is commonly used in photographic applications. There are also
so-called edge-detection filters, which are similar to sharpening filters but with a weight sum of 0.

Figure 2.9: Various sharpening filters, as well as an edge-detection filter (bottom right). Note
the different filter sums.

2.5 Rank Filters

Rank filters provide a solution to the problems associated with smoothing filters previously men-
tioned. Rank filters also consider a small neighborhood of the given pixel, but instead of performing
convolution, they sort the pixels in the neighborhood by intensity and select a value from this sorted
list to assign a new value to the pixel being examined. Among rank filters, maximum and minimum

22/168 IMAGE ENHANCEMENT, FILTERING



Computer Vision Systems

filters are commonly used for various tasks, and median filters are the most prevalent for image
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Figure 2.10: The difference between median (red) and averaging (green) filters.

Median filters replace the pixel in question with the median of the intensities of all the pixels in its
neighborhood, meaning the middle value after sorting. The significant advantage of this filtering is
that it preserves sharp boundaries and edges while effectively filtering salt-and-pepper noise. This
is because the median statistic is very robust to rare, extreme values compared to the average.
The drawback of rank filters is that sorting is computationally expensive compared to convolution,
leading to significantly slower performance. Additionally, some high-level acceleration techniques
(e.g., separable filters, frequency domain processing) can only be applied to convolutional filters.

Figure 2.11: An image with salt-and-pepper noise (left) and its median-filtered version (right).

2.6 Edge Detection

Edges in an image are defined as significant, unidirectional changes in intensity between adjacent
pixels. A key characteristic of edges is that the intensity changes only in one direction, while
remaining constant in the other, and that the transition is sharp and abrupt. However, in reality,
due to various image defects, noise, and finite resolution, the ideal edges become blurred and
transitions occur more gradually. Additionally, local changes in other directions are also possible.

2.6.1 Derivative-Based Edge Detection

The simplest method for detecting edges is to compute the derivative of pixel intensities in specific
directions, which can be done numerically, essentially by performing a simple convolutional filtering.
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As we move through the image, we calculate the difference between a pixel and its neighboring
pixels to the right and below, yielding the derivatives in the x and y directions. By summing the
squares of these two derivatives, we obtain the total magnitude of the derivative, which can be
interpreted as a measure of the "edginess” at that point.

\
|

-

Figure 2.12: Applying derivative filters on an image.

The method described is fast and simple, but its major drawback is that random image noise
can create false derivatives, making the resulting edge map noisy. This can be avoided by pre-
smoothing the image with a Gaussian filter to reduce noise. In practice, to speed up the algorithm,
we take advantage of the fact that both the derivative and Gaussian filters are linear operations,
allowing them to be combined into a single operation. Thus, instead of applying two separate
filters sequentially, we perform a single convolution with a filter defined by the derivative of the
Gaussian filter, which gives the same result.

In addition to the Derivative of Gaussian filter, other convolutional edge detection filters are
commonly used, such as the Prewitt and Sobel operators, which are directional edge detectors.
To detect edges of any orientation, both versions of the operator must be run on the image. The
primary difference between the two is that the Sobel operator smooths in the direction opposite
to the edge, making it less sensitive to noise.

Figure 2.13: First and second derivatives of an edge.

One of the biggest drawbacks of first derivative-based filters is that the edge will appear blurry due
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Figure 2.14: Prewitt (left) and Sobel (right) operators for vertical edges.

to the smoothing, making precise localization difficult. This can be addressed by taking the second
derivative of the edge image and finding the zero-crossings of the derivatives. This operation is
performed in a single step using a second derivative convolution filter called the Laplace filter,
which is often referred to as the sombrero hat filter due to its shape.

0 -1 0 -1 -1 -1
-1 4 -1 -1 8 -1
0 -1 0 -1 -1 -1

Figure 2.15: Laplace filter in 4- and 8-neighbor versions.

In practice, the Laplace filter is sometimes replaced by the difference of two Gaussian filters with
different standard deviations, a solution known as the DoG filter (Difference of Gaussians), which
is widely used in many applications. Often, multiple DoG filters of different sizes are applied
simultaneously to an image. To speed up the process, the images are first smoothed with different
Gaussian filters, and then the filtered images are subtracted from each other. Due to the linearity
of the operations, the result remains the same.

Application: In many situations, we may need to automatically capture an image of an important
object. Automation is necessary when we cannot control when and where the object appears in
the image, or when we need to capture a large number of images. In such cases, we cannot
guarantee that the image will be well-focused, which may result in blurred details that hinder
further processing.

To avoid this, we can use automatic focus detection, where the focus is adjusted until the sharpness
of the image, measured by the number of significant edges, is maximized. Blurred images have
fewer strong edges, resulting in smaller gradients. Thus, a simple measure can be derived: the
more pixels where the derivative exceeds a certain threshold, the better the focus of the image. It
is important to note that this method can only compare images with the same content.

2.6.2 Canny Algorithm

Previous edge detection algorithms relied on different methods of calculating derivatives to measure
the ”edginess” of each pixel. From that point on, it was up to the designer to decide the threshold
above which a pixel would be considered an edge. Setting this threshold too high could miss less
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Figure 2.16: Principle of the DoG filter.

contrasted edges, while setting it too low would generate many false edges due to noise. The goal
is to find a compromise between the two, but this solution is often imperfect.

The Canny algorithm, a state-of-the-art method for edge detection, addresses this dilemma. It is
a multi-step process that begins by computing the horizontal and vertical derivatives of the image.
Then, using these derivatives, the magnitude and direction of the image gradient (the direction of
maximum intensity change) are determined for each pixel.

Next, starting from every edge-like point and following the gradient direction, the algorithm finds
the point with the largest derivative value. These points are kept, while neighboring points with
smaller derivatives are suppressed, resulting in sharp edges.

Finally, instead of using a single threshold, the algorithm applies two different thresholds to the
gradient magnitude image. This produces two binary edge images. The first binary image, gen-
erated with the lower threshold, contains all potential edge points but also includes noise. The
second binary image, generated with the higher threshold, contains only strong edges but may be
incomplete. However, it has minimal noise.

Figure 2.17: Edge images used by the Canny algorithm.

The Canny algorithm’s strength lies in its final step, where it combines the two binary images to
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produce a much better quality edge image. It iteratively fills in the missing edges from the stricter
image by adding neighboring edge points from the more permissive image, without copying noise.

2.7 Interpolation Techniques

During image processing, it is often the case that an image is not in the desired format. A
common situation is when we want to view an image at a larger size than its resolution allows.
To increase the resolution, we need to determine the values of the new pixels. Naturally, we have
no extra information, so we have to rely on known pixel values and assumptions about the image
(continuity, smoothness). We are in a similar situation when performing geometric transformations
(e.g., rotation, perspective transformation) on images, as the new, transformed pixel grid will not
perfectly overlap with the original grid.

Interpolation techniques are used to determine the new pixel values. These techniques share the
property of approximating a signal using known points and then determining the values of new,
unknown points by sampling a predetermined function. It is worth noting that this process does
not create new information.

There are many different methods of interpolation, which differ based on the family of functions
used. The simplest of these is the nearest neighbor approach, which approximates the signal with
a constant function over segments. In this case, the new pixel value simply matches the value
of the nearest neighbor. A more complex method is linear interpolation, where a linear function
is used for approximation over segments, so the new point’s value is the weighted average of its
two neighbors. The degree of the approximating function can naturally be increased; for example,
cubic interpolation uses a cubic polynomial estimated from the four nearest neighbors.

Nearest Neighbor

1,

Linear

\

Cubic

\

Figure 2.18: 1D interpolation techniques.

However, images are two-dimensional functions, so interpolation must be performed accordingly.
Fortunately, the simple interpolation methods mentioned above can be easily extended to arbitrary
dimensions. The only limitation is that the amount of neighbors (and computations) required
for interpolation grows exponentially with the number of dimensions. In two dimensions, nearest
neighbor interpolation is the simplest, but it is only useful for artificial images (geometric diagrams,
printed text), or other non-image-based matrices.

One of the most commonly used image interpolation methods is bilinear interpolation, which is an
extension of the previously mentioned linear method. The essence is to use the four neighbors of
the new pixel to perform two 1D interpolations in one direction. We then get two new points, one of
which shares a coordinate with the new point. After that, we simply perform another interpolation
in the other direction to calculate the new point’s value. Bilinear interpolation has two important
advantages: it is simple and does not cause overshooting. However, it tends to make the resulting
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image appear particularly blurry to the human eye and can cause abrupt changes in intensity
gradients, reducing the image’s smoothness. Bilinear interpolation is calculated as follows:

flz,y1) = ;22:;1 f(@1,y1) + ;2:211 f(@2,91)
f(@,y2) = ;22__51 flz1,y2) + ;2__211 flz2,2) (2.2)
_ Y2y Yy~
f(1'7y) - Yo _ylf(x7y1)+ y2_y1f(x7y2)

Cubic interpolation can also be extended to two dimensions, using 16 instead of 4 neighboring
pixels: this is known as bicubic interpolation. In this method, the image is approximated by a
cubic surface, whose formula is:

3 3
f(z,y) = Z Z aiz'y’ (2.3)

i=0 j=0

where a;; are the polynomial coefficients. The task of interpolation is to determine these 16
unknown coefficients. To do this, we write 4 equations for each of the 4 elements in the 2x2
neighborhood surrounding the pixel to be interpolated. We specify the intensity value at each
point and also specify the values of the intensity’s partial derivatives in the x and y directions.
Finally, we include the value of the common partial derivative (with respect to x and y), resulting
in a total of 16 equations for the 16 parameters, which can then be determined. The general form
of the equations to be written is:

8f (z,y) ZZ‘“J”Z 1

=0 j=0
8f of(w.y) ZZa”x jy =t (2.4)
1=0 j=0
af € y j 1
916 ZZ

It is important to note that we do not initially know the values of the derivatives, but these can
be simply calculated from the image intensity values as follows:

or 2

= 5 (2.5)
6f(x,y) _ f(x+17y+1)_f('r_17y)_f(xay_1)+f<x7y)
oxdy 4

One advantage of bicubic interpolation is that it makes the image appear sharper than bilinear
interpolation and maintains smoothness due to the prescribed derivatives at the edges. However,
its drawback is that interpolation can cause overshooting, which can result in ring-like artifacts
around edges.

A very good compromise is the Lanczos interpolation, which uses a weighted average of the neigh-
boring pixels with a so-called Lanczos kernel to determine the new value. This method also provides
good sharpness with minimal overshooting.
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Figure 2.19: The principle of bilinear (left) and bicubic (right) interpolation techniques.

Figure 2.20: Results of different interpolation techniques with varying scale factors.
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3 Image Features

3.1 Image Matching, Feature Types

In computer image processing, our primary task is to capture key details within the image that can
later be used for higher-level tasks. There are numerous types of image features, one of which—
edges—was discussed in the previous section. The topic of the current section covers other features,
including both simpler and slightly more complex, and consequently, more computationally inten-
sive but more robust features. The simplest feature are colors/intensities themselves, while more
complex ones are corners and entire image regions.

=
I

Figure 3.1: Applications of image matching: Object identification and estimation of relative
position (left). Panorama stitching (right).

3.2 Intensity

The simplest type of image features are the intensity—or color—values themselves. No special
algorithm is needed to determine these, making their generation essentially cost-free. Naturally,
these features are also the least robust, so they are only useful in special cases.

3.2.1 Image Mathematics, Background subtraction

Since images are two-dimensional arrays, they are equivalent to matrices known from linear algebra
in terms of representation. This means that any operation that can be performed with matrices
also works on images. Some of these operations (matrix multiplication, decompositions) have
limited utility, while others are particularly useful. Scalar operations can implement intensity
transformations discussed in a previous lecture: addition adjusts brightness, while multiplication
adjusts contrast.

Operations can also be performed between images of the same size. For example, blending can be
achieved by averaging images, while texturing can be realized by element-wise multiplication of
two images. One of the most useful operations, however, is subtracting one image from another.
This helps highlight the differences between images, which can significantly ease many processing
tasks. This approach is commonly used for motion detection or separating a static background.

In videos, our task is slightly harder: In these settings, the background usually changes gradually,
which makes a static background image not usable. To solve this issue, one of the simplest ways
is to create a difference image from frames taken at different time points (usually not immediately

30/168 IMAGE FEATURES



Computer Vision Systems

Figure 3.3: Difference imaging.

sequentially, but with a 0.5-1 second difference). This highlights pixels that have undergone sig-
nificant changes between frames. The resulting difference image is thresholded, and by calculating
the area of the ”1” pixels in the binary motion image, we can determine if motion has been detected
in the image.

The simple method described above has several drawbacks. One of them is that in the case
of a moving object, the method will detect motion in both positions of the object in the images,
making the resulting motion image "ghosted,” meaning the moving object will appear in two places.
Another issue is that various events in the video may cause significant differences in intensity values
between consecutive frames, which are not considered motion but still affect the results. A good
example of this is changes in lighting, which is one of the most significant disruptive factors in
outdoor videos. In indoor videos, changes such as the camera’s automatic white balance adjustment
can also cause such changes.

To address the above issues, motion detection based on the Gaussian background model is used.
This procedure aims to separate a static background from a moving foreground. It creates a
statistical model of the background using a moving average approach and computes the expected
value and standard deviation of each pixel. During operation, the difference image between the
current frame and the background image is computed and thresholded. The results obtained do
not include ghosting and allow gradual intensity changes (e.g., sunlight) to be incorporated into
the background without false motion detection.
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Figure 3.4: Appearance of ghosting.

The standard deviation values calculated for each pixel in the background model can be used to
determine an adaptive threshold. This way, the model can automatically be less sensitive in areas
where motion is frequent and more sensitive in areas where it is rare. This solution is useful in
cases where many areas in the image might show frequent, irrelevant motion (e.g., bushes and trees
in windy conditions).

Figure 3.5: The principle of motion segmentation based on the Gaussian background model.
The middle row shows images produced with variance-based difference thresholding,
while the bottom row shows results with a constant threshold.

Application: In spatial monitoring and security applications, it is important to store the captured
footage for future use. This generally requires an enormous amount of storage space due to the
size of the videos and the required redundancy. However, the required storage can be significantly
reduced by only storing those segments where motion has been detected, as footage where nothing
has happened is obviously not valuable. The performance of such systems is greatly improved by
using a more robust background model approach, particularly in outdoor footage.

3.2.2 Template Matching

Despite this, it often happens that we have a task where, in a relatively controlled environment
(static background and lighting), we need to detect a known, non-changing object. In such cases,
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the template matching algorithm can be used. This procedure is very simple: first, we create a
reference image of the object to be detected, then apply this template to the image in all possible
positions, and afterward, we calculate some matching function between the image and the template.
Detection is signaled at the positions of the extreme values of the matching function.

In practice, two types of matching functions are commonly used for template matching. One of
them is the sum of squared differences between the pixels of the template and the image patch,
also known as the L2 distance, where we look for the minimum points. A more interesting solution,
however, is convolutional/correlation matching, where convolution between the template and the
image is used as the metric. A fundamental property of convolution is that its result will be large
in absolute value when the filter resembles the image patch it covers or its inverse. This can be
illustrated by edge detection operators, discussed in a previous lecture, which indeed resemble an
edge in the image.

Era(z,y) = ZZ (@ +a'y+y)-T('y))?

(3.1)
Ecc(z,y) = ZZIx—i-m y+y)T("y)

The main difference between the two similarity measures is that in the convolution-based solution,
if we signal detection at both extremes of the response, we will also detect the inverse of the
template. This can be useful, for example, in recognizing letters, where we can identify a black-
lettered template on a white background as well as light-colored letters on a dark background. One
of the main weaknesses of the template matching method is its sensitivity to rotation, scaling, and
distortions, so if these occur, a separate template must be created for each scale and orientation,
and the procedure repeated with all templates, negatively affecting speed.

Application: One of the most important applications of template matching is Optical Character
Recognition (OCR). In this case, using the previously described method, with the text properly
aligned, we can run a separate template for each printed character to locate occurrences of the
respective letters, thus obtaining the text. The applications of OCR are endless, ranging from
converting scanned documents into text to automatic reading of various identification documents.
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Figure 3.6: Application of TM in OCR.

Another important application is in the fields of virtual and augmented reality, where input devices
are often implemented by placing some special (typically black-and-white) marker patterns on
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objects. These patterns are chosen such that they do not appear on real-world objects, making
marker localization simple and robust using template matching. This method is commonly used
in haptic augmented reality systems, where the basic principle is to interact with the virtual
environment using specific real objects.

3.3 Optical Flow

Motion detection, segmentation, and determination of the magnitude and direction of movement
also use intensity values as features in widely used optical flow algorithms. The basic principle
of the algorithm is that it approximates the image locally at each pixel with a linear plane, and
from the slope of this plane and the intensity changes between two images, it infers the amount of
motion. One important consequence of this is the so-called aperture problem: in certain types of
image regions, it is impossible to determine the exact displacement based on local image patches.

Barber pole illusion
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Figure 3.7: The aperture problem (left). Local motion detection also plays a role in human
vision, as illustrated by the barber pole illusion (right). Here, when rotating a
cylinder painted with slanted stripes, it appears as though the stripes are moving
upward, even though the motion is lateral. We will see that optical flow behaves
similarly.

Optical flow assumes that the intensity of objects in the image does not change between two
images, only a displacement occurs. This can be expressed as follows, approximating the image
with a Taylor series:

oI oI oI
I ty=1 d dy,t+dt) =1 t)+ —d —d —dt .2
(@,9,t) = I(z +dz,y +dy,t+dt) = I(z,y,t) + o T Wt o (32)
Where I(x,y,t) cancels out:
Lydx + Iydy + Ldt =0
dx dy (3.3)

Where I, I, and I; are the derivatives of the image in the spatial and temporal directions, and
u and v are the velocities in each direction. The image derivatives can be computed numerically
using filters and differencing, but even so, there is only one equation for two unknowns, meaning
the optical flow equation cannot be solved unambiguously. In reality, the simple flow method can
only determine the component of the motion vector that lies in the direction of the image gradient
as follows:

Iy

d= ——
(3.4)
IR+ 12
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Figure 3.8: Determining optical flow in one dimension: locally approximating the image with
a line, the estimated displacement can be easily calculated by knowing the temporal
change in a given pizel.
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Figure 3.9: The solution space (red line) defined by the intensity flow equation, showing the
components of the solution.

3.3.1 Lucas-Kanade Method

In practice, one of the widely used solutions to this problem is the Lucas-Kanade optical flow
algorithm. This method makes one more assumption, namely that pixels located close to each
other on the image are highly likely to move together. Based on this, the Lucas-Kanade method
seeks to solve the optical flow equation not only at a given pixel position but also in its surrounding
area. It applies the least squares method as follows:

I, Ip Iy
Lo Iy | /4 Iip
L (v) N (3.5)
L I Im
Xi=Y

Here, in the equation above, the derivatives are known, and we are searching for the displacement
vector such that the equation is solved with the smallest possible error. To achieve this, we need
to solve the system of equations using the least squares method, where the optimal displacement
is:
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i=(XTX)"'xTy (3.6)

It is important to note that the matrix X7 X in this equation is the same local structure matrix
used in the previously described KLT corner detector (this is not surprising, as the "Kanade” in
the KLT detector is the same Kanade as in the Lucas-Kanade method). If we recall the discussion
on the local structure matrix, we know that the eigenvalues of this matrix express the magnitude
of the smallest and largest changes in the image. For this matrix to be invertible, both eigenvalues
must differ significantly from zero, meaning that the Lucas-Kanade method can only be evaluated
at corner-like points. This is why this method is also known as a sparse optical flow method since
it can only be computed at a few points in the image.

3.3.2 Farneback Method

There also exists a dense optical flow algorithm capable of determining the flow direction at every
point. This procedure is attributed to Gunnar Farneback. The core idea of this method is to
approximate the image locally, not with a linear surface (plane), but with a quadratic polynomial.
Similar to the original flow algorithm, it assumes no intensity change between the two frames, only
displacement. By computing and comparing the polynomials on both frames, the displacement of
individual pixels can be determined.

L(z)=2T Az +bTa+c; Lz)=2T Az + bz + ¢y (3.7

Assuming that the two images are the same, with only a displacement d between them:

Lz)=L(z—d) =(x—-d)TA(z —d) + b (z —d)+ ¢, (3.8)

By grouping this expression by powers of x:

I(z) =27 Ay + (by —2A1d) "z +d" Ayd — BT d + ¢ (3.9)

From this, we can express the equality of the b coefficients of the two polynomials, and from this,
d can be derived:

by =by —2A1d — d= —%A;l(bg —by) (3.10)

In practice, however, a slightly modified version is used: globally, the image cannot be well approx-
imated by a quadratic polynomial, so this approximation is applied locally, and the displacement is
determined for each position. Additionally, in Farneback’s method, the pixels from the surround-
ing area are used for the polynomial estimation at each position. This way, using the least squares
(LS) method, a much more robust estimate is obtained, minimizing the effects of noise.

3.3.3 Iterative and Pyramid Methods

A significant challenge in optical flow methods arises when the displacement is so large that higher-
order terms can no longer be neglected. In such cases, the error in motion estimation becomes
substantial, leading to completely incorrect motions over time. To address this issue, iterative
optical flow estimation is often used. The essence of this solution is that after determining the
initial optical flow, the original image is transformed according to the calculated motion vectors,
and then a new optical flow estimation is performed between this intermediate image and the second
image. This process is repeated until the relative displacement obtained becomes insignificant. By
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Figure 3.10: The principle of iterative optical flow: after the first iteration (left), the image is
brought closer to the displaced version, resulting in a better estimate in the second
round (right).

summing the intermediate displacements at the end of the algorithm, the actual displacement is
obtained.

Iterative optical flow is often combined with the pyramid method. The first step of the procedure
is to create a coarse-to-fine resolution image pyramid using resizing. Then, the flow is estimated it-
eratively on the image with the smallest resolution. The resulting flow will be somewhat imprecise,
but large motions can be easily determined since, due to the lower resolution, they appear signifi-
cantly smaller on this image. Afterward, the iterative method continues on each higher-resolution
image, using the already computed flow as the initial value. In this way, the coarse flow estimate
from the previous level is refined at each level.

Figure 3.11: The image pyramid.

3.3.4 Application

Optical flow is commonly used in many areas, one of the significant ones being 3D reconstructions
with a moving camera. Using the algorithm, it is possible to create spatial recordings with a simple
camera that would not otherwise be suitable for this task. To do this, a video of the object is taken
while walking around it, and then the displacement of individual pixels is calculated using optical
flow. The displacement magnitude can then be used to infer the distance from the camera (pixels
from distant objects move more slowly in the image).

Another interesting application is the classification of various motion events. Moving objects in the
image can be categorized based on their flow patterns into objects moving in different directions,
rotating, or approaching or receding from the camera. This is extremely useful when we want to
detect or avoid an approaching object that might collide with the equipment housing the camera.
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Figure 3.12: Optical flow with (right) and without (left) the pyramid method.

3.4 Corners

The first discussed image features were edges, which are simple and quickly extractable but mod-
erately robust descriptors of objects found in images. One of the most significant limitations of
edges is that changes occur locally in only one direction in the image, making it impossible to track
if the edge moves perpendicular to this direction.

This problem is addressed by the image feature discussed in this chapter, namely the image corner.
Image corners are points in the image plane where significant intensity changes can be observed
in all directions. Consequently, regardless of how the object containing the corner moves in the
image, we can track the movement of the corner and, therefore, detect and follow the object that
is relevant to us in some way.

One of the most widespread methods for detecting image corners is the Kanade-Lucas—Tomasi
or KLT corner detector. The principle of this detector is that since we are searching for image
segments that change significantly in all directions, we shift the surrounding neighborhood of the
pixel being examined in all directions and compute the squared difference between the displaced
and the original image segments. If this difference is significant in all directions, we have found a
corner-like image segment.

Figure 3.13: Ideal image edge (left), corner (center), and the principle of corner detection
(right).

3.4.1 Local Structure Matrix

In practice, the KLT detector does not work as described, because performing this operation
for every pixel would be computationally expensive. Instead, the KLT detector calculates the
derivatives of the image in the x and y directions, then for each pixel, arranges the derivatives in
its n x n neighborhood into an n? x 2 matrix. The error in the displacement of the pixels can be
formulated as follows:
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From this, the total error is:
|E||? =a"1"1d = 4" Ha (3.12)

Where I,; and I,; are the x and y derivatives of the first pixel in the neighborhood (the order
of the pixels is irrelevant for the final result), and H is the so-called local structure matrix of the
given pixel. It is important to note that if we assume that the expected value of each derivative in
the image is zero (a well-founded assumption since derivatives are just as likely to be negative as
positive), then the local structure matrix is proportional to the covariance matrix of the derivatives
in the image segment.

3.4.2 KLT and Harris

An important property is that the two eigenvectors of the local structure matrix define the two
directions in the image plane where the image changes the most and the least. The magnitude
of these changes is given by the eigenvalues (A1, A2) corresponding to each eigenvector. This
relationship provides an excellent method for detecting corners: Points where even the smallest
change is still large (i.e., the smallest eigenvalue of the local structure matrix is significant) can be
considered corner points.

During the operation of the KLT detector, the local structure matrix is computed for every element
of the image, and a corner measure is assigned based on the smaller eigenvalue, which is used to
determine whether a pixel is a corner point. It is important to note that the corner measure will be
high for pixels around a corner, as image corners are not perfectly point-like phenomena. A simple
solution is to consider the local maxima of the corner measures as the locations of the corners.

In practice, instead of the KLT detector, another method called the Harris detector is often used.
The Harris detector also uses the local structure matrix to detect corners, but it defines the corner
measure using the following formula:

R=det(H)—k*tr(H)* (3.13)
k € [0.04 — 0.06] '
The significant advantage of this calculation method is that it is much faster than computing the
eigenvalues. Additionally, the Harris corner measure is also suitable for detecting edge-like image
segments, as in such cases, the corner measure will be a large negative number. Another key
difference between the two detectors is that although slower, the KLT detector’s results are closer
to human perception.

3.5 Invariances

When discussing image features, it is crucial to mention the robustness requirements posed against
these features. Our goal with these features is that if we see the same object in multiple images but
different transformations occurred between the two images, the image features should be invariant
to as many of these transformations as possible so that we can easily detect the same object in
different images.

The most basic image transformation is the change in intensity, which is usually due to changes in
illumination. There are two types of this transformation. The first is additive, where a constant is
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Figure 3.14: Classification principles of KLT (left) and Harris (right) corner measures.

added to the intensity values of the pixels. The other is multiplicative, where the intensity values
of the pixels are multiplied by a constant. Other common transformations include rotation and
changes in the object’s scale, which arise due to images being taken from different viewpoints and
distances. Perspective distortion, caused by changes in the viewpoint, can also be observed in
images, best exemplified by the convergence of previously parallel lines.

Unfortunately, the KLT and Harris operators are invariant to only two of these transformations:
additive intensity changes (since the derivatives of the image eliminate the constant term) and
rotation (because rotation does not affect the eigenvalues of a matrix). Under multiplicative
intensity changes, the derivatives are multiplied by a constant, so the corner measures change
accordingly. Scaling can significantly affect corner detection results, as an object that appears
corner-like in one image may appear as a rounded, edge-like object when magnified.

Figure 3.15: The effect of rotation on eigenvalues.

3.6 Complex Image Features

This problem is addressed by the scale-invariant feature transform, or the SIFT algorithm (Scale
Invariant Feature Transform), which is invariant to all transformations except perspective distor-
tion, thus producing a robust local descriptor widely used. Its principle is to search for corner-like
points in the image, but instead of a single measure, it creates a descriptor code that invariantly
describes the local environment of the corner points, allowing for comparison and matching with
features found in other images.
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3.6.1 SIFT Detector

The primary principle of the SIFT algorithm is that corner detection is performed along multiple
scale factors, and each feature is assigned a scale variable used in creating the descriptor code,
thus ensuring scale invariance. The corner detection is carried out using DoG filters (Difference
of Gaussians) as mentioned in Chapter 3. This type of filter was previously known to us as an
edge detector, but the response of the DoG filter will be maximal for impulse-like protrusions
and indentations. It is important to note that if different-sized DoG filters are applied to a given
impulse-like image region, the filter size that most closely matches the width of the impulse will
yield the highest response.

Figure 3.16: Corner-like feature (blue) examined across multiple scales.

As the first step, the SIFT algorithm runs several DoG filters of different sizes across the image
and stores the responses. It then searches for local maxima in the filter responses, not only in
the x and y coordinates of the image but also according to the filter sizes. The coordinate with
the highest response will be the location of the corner point, and the size of the filter with the
maximum response will be the associated scale factor. It is worth noting that SIFT does not settle
for the maximum position quantized by discrete pixels and filter sizes but fits a polynomial locally
to the response values and finds the maximum location. This method allows determining the corner
point position with sub-pixel (i.e., below pixel size) accuracy, which can be a requirement for many
applications.

It is worth noting that the procedure speeds up the filtering process in two ways: first, instead
of running DoG filters, the algorithm applies Gaussian filters of various sizes to the images and
then subtracts them from each other, thereby speeding up the process. Secondly, when the current
Gaussian filter size reaches twice the original size, the algorithm runs the original filter on an
image with half the resolution, obtaining the same result with approximately a quarter of the
computation.

3.6.2 SIFT Descriptor

The second step of the SIFT algorithm involves generating the descriptor code for the detected
corner points. For each corner point, SIFT generates a 128-dimensional vector that describes
the appearance of a 16 x 16 pixel neighborhood around the corner point. This 16 x 16 pixel
neighborhood is always taken from an image resized according to the scale of the corner point,
thus ensuring the scale invariance of the descriptor code. Since the descriptor code is created not
directly from the intensity values of the neighborhood but from their gradients (a two-dimensional
vector formed by the x and y directional derivatives), it also ensures invariance to additive intensity
changes, similar to the KLT method.
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Figure 3.17: The filtering scheme of the SIFT detector.

One of the most revolutionary ideas of the SIFT algorithm is ensuring rotation invariance. To
achieve this, a histogram is created for the gradients in the neighborhood of the point, which rep-
resents the magnitude of gradients in each direction within this neighborhood. During histogram
creation, the image gradients are categorized into 36 directions, dividing the circle into 10-degree
intervals. Gradients pointing towards the interval boundaries are evenly distributed among ad-
jacent bins. An important detail is that gradients of points far from the corner are given less
weight.
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Figure 3.18: Construction of the gradient histogram (the example histogram has 8 bins).

The position of the maximum of the gradient histogram (i.e., the direction in which the image
changes the most in this neighborhood) is found and this direction is assigned as the orientation of
the corner point. The image is then rotated so that the orientation of the corner point points in a
predetermined direction (e.g., vertically upward), and the final descriptor code is created from the
rotated (and previously resized) 16 x 16 pixel neighborhood, thus ensuring invariance to rotation.
It is important to note that if the maximum value of the gradient histogram is not unique, a
separate descriptor code is created for each orientation close to the maximum.

To create the descriptor code, the 16 x 16 pixel neighborhood is divided into 16 4 x4 pixel blocks, and
a gradient histogram is created for each block separately as described above. The only difference
is that each gradient histogram consists of 8 bins rather than 36, giving a resolution of 45 degrees.
The values of these histograms are then concatenated into a single vector, resulting in a total of
128 values. This vector is normalized so that the sum of the squares of its elements equals one.
This normalization ensures that multiplicative intensity changes, which would scale the gradients
by a constant, do not affect the final descriptor code.

Application: Local image features have numerous applications. They are used, for example, for
image stitching, which is crucial for panoramic imaging or 3D vision. One of the most straightfor-
ward applications is the recognition of rigid objects based on a reference image. In this case, we
aim to recognize and localize objects that do not deform and have not too many variations. The
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Figure 3.19: Determining the SIFT orientation (not all 36 bins are shown).
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Figure 3.20: Construction of the final descriptor vector.

local gradient histogram-based image features are first found in the reference image, and then the
features in the current image are compared with these, matching them based on the similarity of
their codes. If a large number of matches are found, the sought object has been located.

This method is often used when objects need to be searched for that the system designer can
no longer influence, meaning that they cannot be made more recognizable. Such methods are
frequently employed in virtual or augmented reality systems that use real-world objects, as well as
various camera-based monitoring and tracking systems (e.g., spatial and traffic monitoring camera
systems).

3.6.3 ORDB Detector

By the end of the SIFT process, we have a feature detection and description method that is invariant
to the transformations mentioned above. However, the method is computationally intensive and
may not always run in real-time even on modern desktop computers (fortunately, the patent expired
in 2020). Since the publication of the algorithm, several other methods have been developed that
build on the basic idea of SIFT but require significantly less computation. Notable among these
is the SURF method, which is highly parallelizable using graphics cards while maintaining similar
robustness, and ORB, which can run in real-time while preserving invariance.

The ORB (Oriented FAST and Rotated BRIEF) algorithm results from the combination and
enhancement of two other methods. The ORB algorithm uses the FAST (Features from Accelerated
Segment Test) corner detector for keypoint detection. The essence of the FAST method is to define
a circle in the neighborhood of the point being examined and select the pixels located on this circle
for corner detection. The algorithm then counts how many of the 16 selected pixels have intensities
that differ from the central pixel by a certain threshold. A high count indicates that a corner-like
feature has been detected.
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It is worth noting that if the threshold value for different pixels is 12 or higher, non-corner points
can be quickly excluded by checking in the four cardinal directions. Alternatively, non-corner pixels
can also be quickly excluded using a decision tree.

Figure 3.21: The operating principle of the FAST detector.

To ensure scale invariance, a scale pyramid is also used here to perform corner detection at multiple
scales. Similar to the SIFT method, the final descriptor is created using the image corresponding to
the selected scale factor for the corner point. It is also important to note that the FAST detector
tends to detect edge-like features, so it is advisable to filter the detected keypoints using KLT
cornerness. In this case, however, only a few points need to have their cornerness calculated, which
involves negligible computation.

A significant limitation of the FAST detector is that it cannot assign orientation to the detected
keypoints. To address this, a separate orientation metric must be defined. The FAST algorithm
solves this by calculating the centroid of the pixels in the keypoint’s neighborhood, where each
pixel’s relative mass is determined by its intensity. The formula for this is:

Y wl(w,y).  >oyl(z,y)
iy YT Sl (3.14)

The ORB feature orientation is then given by the direction of the vector from the keypoint to the
centroid.

3.6.4 ORB Descriptor

The ORB algorithm uses the BRIEF (Binary Robust Independent Elementary Features) descriptor
method for generating the descriptor vector. A fundamental property of BRIEF is that, unlike
the SIFT descriptor which uses floating-point numbers, it describes the image patch with a vector
of binary elements. To achieve this, the algorithm selects ng (256 in the case of ORB) predefined
point pairs in the keypoint neighborhood and examines each pair to determine if the intensity of
the first point in the pair is greater than that of the second point. The BRIEF descriptor is thus
represented as:

[sign(I(2")) = 1(2$"))  sign(I(zP) = 1(22)) ... sign(I(2")) = 1))]  (3.15)

Let us examine the invariances of the BRIEF descriptor. Since the descriptor only considers the
difference in intensities between individual pixels, it is trivially invariant to both types of intensity
changes. Scale invariance is handled by using a multi-scale detection and descriptor generation
method, similar to SIFT. However, rotational invariance poses a problem, as predefined point pairs
will fall on different pixels in a rotated image patch.
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This problem could be easily addressed by rotating the image patch, but this is computationally
expensive. Instead, it is much simpler to quantize orientations in 12-degree increments (yielding 30
possible orientations) and rotate the coordinates of the selected point pairs rather than the image
patch itself. Since the coordinates of the point pairs are pre-selected when writing the algorithm,
these rotated variants can also be precomputed, so during algorithm execution, we only need to
retrieve them from a list corresponding to the orientation of the image feature.

It is worth noting that comparing ORB descriptors is not ideally done using the squared Euclidean
distance as in SIFT, as this may not yield good results. Since the ORB descriptor is a binary
vector, similarity between two such descriptors is typically measured using the Hamming distance.

3.6.5 Feature Matching

In the above pages, we discussed how to detect complex features and generate unique descriptors,
but little has been said about how to match them. The easiest way to achieve them is to use
a brute-force Nearest Neighbor (NN) matching by simply calculating the distance between every
descriptor pair and selecting the best match for each. While this works, and is not prohibitively
expensive at reasonable feature counts, it still presents an important problem: Every feature has
a nearest neighbor, but it isn’t necessarily close, meaning it might be a bad match. A simple
workaround would be to set a maximum threshold for descriptor distance, but finding a good
value for this abstract distance is quite challenging.

In practice two methods are used to filter out bad pairings; The first is the ratio test. In this case
we find the two nearest neighbor for every descriptor, and compute the ratio between the distance
of the best match and the distance of the second. Since these are both positive values and we
are dividing a smaller number by a bigger one, this value must necessarily be between zero and
one. If it is close to zero, that means that the best match is much closer than the second best.
Conversely, if it is close to one, then the two matches are basically equivalent, meaning that the
pairing is ambiguous, therefore should be discarded.

The second common way is the symmetry test. Here, we perform two sets of pairing. First, we find
the nearest neighbor of every descriptor from the first image by matching them against descriptors
in the second image. Then, we find the nearest neighbor of every feature from the second image
by matching them against descriptors in the first image. If the two pairings are the same, then it
is a good match, otherwise it is discarded. The intuition behind this is quite logical: If my best
friend’s best friend is me, then he is a good friend. If it is someone else, then not so much.

3.7 Hough Transform

In many cases, it is quite common for features to define a geometric shape. For example, in edge
detection, it is quite common to search for the boundaries of various simple shapes (rectangle,
circle). In such cases, it may be useful to fit a line model to the detected edge points, allowing us
to describe the points in a linear arrangement in the image with a parametric model, which greatly
facilitates the detection of shapes. The difficulty of the problem lies in the fact that naturally
only a subset of the detected edge points will fit to lines, and among those, many points may fit
individual lines. Thus, we need to determine both which points fit a line and what parameters
describe this line simultaneously. If we could answer either of these questions, the problem would
be trivial.

One of the most popular algorithms for this problem is shape detection based on the Hough
Transform. The Hough Transform is a coordinate transformation that maps image points from the
conventional image coordinate system (z,y) to a space defined by the parameters of lines (r,6). In
this space, a line is described by a single point (pair of numbers), where one element is the length
of the perpendicular segment from the origin to the line (r), and the other element is the angle of
this segment with the x-axis (9).
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What is more interesting is how the points in the image are represented in the Hough space. This
representation is done during the Hough Transform by mapping each point (z,y) in the image to
all lines for which the given point fits. Although a given point fits an infinite number of lines, it
does not fit all possible lines. Therefore, the image of a specific point (x,y) in the Hough space is
given by the following curve:

2 cosf+y sinf =r (3.16)

That is, the image of a point in the Hough space is a sinusoidal curve. If the curves of two points
in the Hough space intersect, it means that both points fit the line described by the intersection
point of the two curves (recall: in the Hough space, a point describes a line).
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Figure 3.22: The principle of the Hough Transform.

From this relationship, a simple conclusion can be drawn: if there are many curves in the Hough
space that intersect approximately at a point, it means that there are many points in the image
space that fit the same line. Based on this, the Hough Transform line detection algorithm naturally
follows: first, transform all edge points to the Hough space, then find the line on which the most
fitting edge points are located. After that, remove these edge points from the Hough space, and
then find the line fitting the most remaining points. This process is repeated until a line is found
that fits at least a threshold number of points.

Figure 3.23: A binary image and its Hough Transform.

It is important to note that the Hough Transform can be applied not only to lines but also to
any simple shape described by parameters. By using different types of Hough Transforms, we can
detect various simple shapes. Besides lines, the Hough Transform is often used for detecting circles
and ellipses. The generalized Hough Transform, which allows the detection of more general shapes,
is also worth mentioning.
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Application: The Hough Transform is frequently used to detect simple shapes composed of line
segments in an image. This method can be easily applied, for example, to the automatic recognition
of ID cards, which is one of the fundamental tasks in smart administration. In a picture of an ID
card, the edges of the card typically create sharp, well-defined, straight edges, which can be easily
detected by methods like the Canny edge detector. Subsequently, using the Hough Transform,
these edges are converted into lines, and then we search for the rectangular object defined by these
lines.

3.8 Learned Features

The fundamental drawback of hand-crafted features (such as SIFT or ORB) is that they rely
on rigid, human-engineered heuristics like edge orientations or corner responses, which fail to
capture high-level semantic context or adapt to extreme variations in lighting, scale, and viewpoint.
Instead of manually guessing which visual primitives are important, it is far more effective to
automatically learn optimal features directly from data using deep neural networks. This data-
driven approach allows the system to optimize features specifically for the end task—such as
classification or tracking—resulting in highly robust, hierarchical representations that naturally
outperform any engineered mathematical shortcut.

A common way of performing learned feature extraction in computer vision is dimensionality
reduction. During dimensionality reduction, an input dataset is provided where the number of
dimensions (variables) is quite high, but these variables are not necessarily independent or relevant.
Image data serves as an excellent example of this, because the number of variables is vast—with
each pixel acting as an individual variable—yet there is a strong correlation between neighboring
pixels, and many pixels carry no relevant information for our specific task (which occurs most
frequently along the edges of the images). For this reason, it is highly advantageous to merge
correlated variables and discard useless ones, thereby drastically reducing the volume of data to
be processed. It is worth noting that such a procedure is capable of finding an ideal, compact
descriptor for a local image region.

3.8.1 Principal Component Analysis

One of the most fundamental methods for dimensionality reduction is Principal Component Analy-
sis (PCA). This procedure assumes that our dataset is normally distributed with a zero mean. The
latter condition can easily be satisfied by subtracting the expected value (mean) from the variables
of the dataset. Principal Component Analysis then transforms the dataset into a new orthogonal
coordinate system, whose basis vectors are given by the eigenvectors of the dataset’s covariance
matrix: (X = (X — )T (X — 1)) The basis vectors obtained in this manner are called principal
components, and the new variables defined with their help will be statistically independent.

®

Figure 3.24: Dataset centering (left), and principal components (right).

Following this step, the variables with the smallest variances are discarded until the total variance
of the database falls below a certain targeted percentage. The variance of each individual principal
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component is given by the eigenvalues associated with its respective eigenvector. It is worth
noting that Principal Component Analysis is the most efficient compression procedure possible for
normally distributed data. Additionally, if the individual variables are measured in different units,
careful attention must be paid to their scaling, as disparities can distort the PCA results.

Application:  An interesting application of Principal Component Analysis is the Eigenfaces
facial recognition system, where the most significant eigenvectors are extracted from a database
consisting of human faces. These eigenvectors can be utilized both to understand the different
variations in human faces and to classify them. If a given image falls close to the subspace spanned
by the human faces, it can be considered face-like; otherwise, it is not.

Figure 3.25: The principal components of a face dataset (face-like base images). Note: these
pictures are after subtracting the mean.

PCA and similar methods are also frequently applied to find compact descriptors for local image
patches. In this sense, PCA can be understood as a feature detection algorithm, providing an
optimal descriptor for image features in a mathematically rigorous manner.”

3.9 Tracking

In the field of computer vision, special attention is given to the fairly common case where the basis
of processing is not a still image but a video. The tasks performed on videos are similar to those
done on still images. For example, we can perform segmentation, detection, and classification, but
new tasks also arise, such as motion detection and tracking, as well as recognizing various events.
The image features discussed earlier are particularly well-suited for tracking tasks.

To process such inputs, we first need to clarify how videos are represented. In most cases, a video is
simply interpreted as a sequence of still images, which are processed in the order they are received.
It is important to note that our methods are typically designed not to use information from future
frames, i.e., frames that follow the current frame being processed. This can be done if real-time
processing is not required, but otherwise, it is not feasible. Besides processing as a sequence of still
images, a video can also be interpreted as a base image and a series of difference images following
it, but this approach is rarely used in computer vision.

Among tracking methods, we can distinguish between tracking by difference and tracking by detec-
tion. In the first case, we track the motion of the features of the detected object using the feature de-
tection methods previously described, such as optical flow, corner detection, or SIFT/SURF/ORB.
While this is easy, it suffers from a few drawbacks, namely feature erosion (as the object keeps
moving features look less and less like their original appearance, causing us to lose more and more
of them), and drift (tracking errors accumulate over time meaning our error grows).
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Figure 3.26: Object tracking.

In the latter case, we perform detection on every frame, thereby eliminating the previous issues.
However, this comes at increased cost, as detection is usually more expensive. Also, since detection
returns objects in an arbitrary order, identifying individual objects between frames is crucial. How-
ever, this can be challenging since the object itself might change between the two frames, and other
complicating factors (occlusions, non-linear motion, etc.) can further complicate identification.

Figure 3.27: Tracking by difference and tracking by detection.

3.9.1 Multiple Object Tracking

Let’s start with the latter case. When multiple objects need to be tracked, cases can easily arise
(especially when object trajectories cross each other) where it is not clear how to associate the
detected objects with those known from previous frames. This can be formulated as an optimization
problem as follows:

n o n Zj Tij = 1 Vi
maxg Z Z w;;x;; where Yurig=1 Vj (3.17)
i=1 j=1 x;; €{0,1}

Here, w;; is inversely proportional to the error between the previously known and the current
detected object properties. Various features can be used for identification. The simplest ones
include position, bounding box, or ellipse. However, it is also possible to use local image features
introduced in Lecture 3 or different binary descriptor methods discussed in Lecture 5. In every
case, we can define affinity, which describes the similarity between the features used to describe
two objects:

Alz,y) = ez IF (@)=l (3.18)
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Figure 3.28: Tracking multiple objects.

where f(z) is the feature vector describing object x. This quantity can be used as weights in the
above problem.

This task, also known as the assignment problem, can be solved using the Hungarian algorithm
if we are dealing with only one frame. However, with multiple frames, the optimal solution is no
longer guaranteed. In this case, the possible trajectories of each object can be described using
a weighted, directed graph. Optimal trajectories can be determined using the min-cut max-flow
algorithm. The essence of this procedure is to try to partition the graph into n separate parts such
that the weights of the cut edges are minimal while ensuring that there is a connection between
the initial and final nodes in each of the n subgraphs, and the weights of these edges are maximal.

Figure 3.29: The graph for tracking over multiple frames. Fach level of the graph corresponds
to a frame, and each node at each level represents a detected object.

3.9.2 Hidden Markov Model

Let’s discuss ways to improve tracking-by-difference. In this instance, optical flow can be used to
determine the displacement of objects by calculating the relative movement from the previously
known position in the previous frame. However, in such cases, it can be useful to incorporate
the previously known position in some way to provide a better estimate using both pieces of
information. Hidden Markov Models (HMMSs) are often used for this purpose.

Hidden Markov Models are based on Markov processes. A Markov process is one where the next
state depends only on the current state and not on any previous states (i.e., the states of the
process fully encode the entire history of the process). Discrete Markov processes with a finite
state space can be easily represented using a state graph.

In the case of Hidden Markov Models, however, we cannot directly observe the states of the
process, only some consequences of these states. A good example is when we have information
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about daily activities performed by a person (walking, shopping, cleaning) and want to infer the
weather (sunny, rainy) from this. In this case, the hidden states in the Markov model would be
the weather states, and the observations would be the activities performed.
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" Rainy & | Sunny |
Lo\ - 0.4 \ ) 06
9.7} .~
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_ 0.4 p -
)“_ 4
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Figure 3.30: Hidden Markov Model: in this example, the hidden states describe the weather,
and the observations are the daily activities of a person.

For Hidden Markov Models, there are two typical problems that can be solved. The first is to
determine the probability of a given sequence of hidden states. This task can be solved trivially if
the state transition probabilities are known. The second, more interesting problem is to determine
the most likely sequence of hidden states given a sequence of observations. This can also be solved,
and the most widely used method is the Viterbi algorithm.

In object tracking, the hidden state is the actual position of the object, and the state transition
can be addressed in several ways. It is possible to choose a uniform distribution in a certain
environment, but it is often preferable to choose a (fairly wide) normal distribution, as larger
movements are less likely. The model’s observations are the positions estimated using one of
the previously described methods. We can assume that the probability between the state and the
observation is also given by some Gaussian-like distribution. In this case, it might be advantageous
to use a distribution with a heavier tail (e.g., Student’s T distribution).

3.9.3 Kalman Filter

It may occur that we have not one but two different estimates for the position of an object. We
assume that both estimates are Gaussian distributions with different variances. We might then
want to determine a combined estimate with a smaller variance using both. This can be done as
follows:

o2 +02
_1#072”1:#04-“#1—#0)

Jg‘—l—al
2 2
oo
o= 5L =08 — kog (3.19)

o5+ o0

0 1

b
08—1—0%

The intuition behind the formula is that the new expected value is the weighted average of the
expected values of the two estimates, where the weights are proportional to the reliability of each
estimate. The reliability of the estimates is inversely proportional to their variances, hence the
indices are swapped in the numerator. The reliability of the resulting estimate is the sum of the
original reliabilities, meaning the variance results from the replacement operation. The above
formula also works for multivariate normal distributions, where instead of variance, we use the
covariance matrix.
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Figure 3.31: Combination of Gaussian distribution estimates.

fi = fio + K (fiy — fio)
Y =3,—- KX (3.20)
K =% +%)) "

The quantities k and K in the formulas are known as the Kalman gains.

In the Kalman filter, one of our estimates comes from a measurement, and the other from a
prediction based on knowledge of the system dynamics. In the linear case, the system dynamics
are given by the following state equations:

T = Frar—1 + Brug

(3.21)
yr = Hyxy,
If we know the estimate of the previous state N(&p_1,Xx—_1), the prediction is given by:
ZTx = Frrr—1 + Brug
(3.22)

Yp = P Sk 1 FE 4+ Qr

where Qi represents the uncertainty in the prediction. Since we often cannot measure the system
state directly, but only the output, we also need to produce an output estimate from the state
estimate as follows:

Uk = Hyp 2y,

. 3.23
Y = Hp X HE (3.23)

At this point, we can combine the output measurement N(zy, Rp) with the estimate using the
formula discussed above:

Ky = HyS HE (Hy Sy HE + Ry)™' «  Kalman gain
Hyxy, = Hidy + Ki (2 — Hp®) < estimate of p (3.24)
HySpHE = H S HE — K Hy SR HE « estimate of ¥
However, at this point, we have estimated the output y, not the state x. Notice that Hj can be

canceled from the left (one Hj, can be canceled from the K expression), and H,? can be canceled
from the right in the covariance matrix equation. Thus, the final estimates are:
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[A(k = 2ng(Hking + Rk)71
TE = Tk + Kk(zk — ij:k) (325)
Y =S — K Hy S
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4 Stereo Vision

4.1 Introduction

The fundamental goal of computer vision is to automatically extract information about the real
world from a camera image (or images) using a computer algorithm. Most practical imaging
systems, however, generate a two-dimensional projection of the real, three-dimensional world, re-
sulting in significant loss or distortion of information. In a typical image, the distance of individual
pixels from the camera is not preserved and must be estimated. Additionally, it is evident that
due to the projection process, many geometrically important features are distorted. Furthermore,
objects of equal size in space will appear to have different sizes in the image if they are at different
distances from the camera.

During projection, not only do the sizes change, but the angles also alter, leading to the distortion
of geometric shapes and forms. A particularly illustrative example of this distortion is the concept
of a vanishing point. As we know, parallel lines intersect at infinity. However, if these parallel lines
are projected onto an image using a camera, this point of intersection, which is infinitely far away,
will appear on the image. This means that a projection of a point infinitely far away can be finite,
and in this case, this projection is called a vanishing point.
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Figure 4.1: Distortion of 3D geometric features (left) and the vanishing point (right).

Thus, it is evident that some significant properties of objects cannot be determined from a single
image (although shadows can be used for estimation). If such information is needed, it is possible
to use imaging devices that can compute depth information for each pixel in the image (RGB-D
sensors). However, these devices are generally much more expensive than standard cameras (about
five times the price for the same quality), making them not always a feasible option.

Fortunately, there is another solution: much like human vision, we can restore a portion of the
original three-dimensional space using two or more cameras/images. The field of three-dimensional
computer vision is focused on solving this task as accurately and efficiently as possible. In this
chapter, I will discuss this area.

It is important to note that at least two images are necessary because, by projecting the same
scene from different positions, we obtain new information about the original scene’s geometry. By
matching this information, we can recover the data lost and distorted during projection. It is worth
noting that two cameras are not necessarily required—two images taken from different positions
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with a single camera can suffice. However, in this case, it is crucial that the scene does not change
between the two images, as this would corrupt the reconstruction results. If the motion/change of
objects cannot be restricted, then it is advisable to use two synchronized cameras.

4.2 Pinhole Camera Model

In three-dimensional vision, the task is to reconstruct the information lost and distorted during the
camera’s projection. To perform this task, we must first understand the projection process itself
and establish a mathematical model. Afterward, in the case of a specific camera system, we need to
perform measurements to determine the unknown parameters of the previously established model.
This step is called camera calibration. In the following subsections, we will examine two important
cases of calibration: in the first, we determine the parameters of a single camera’s projection, while
in the second, we aim to determine the relative positions of cameras within a camera system.

Pinhole
~_ Sensor plane

Object (X)-—— e " f P Principal point

% Image (u)

Principal axis
Figure 4.2: The physical model of the pinhole camera.

The pinhole camera model is widely used in computer vision. A pinhole camera can be simply
imagined as a box with a small hole on one side through which light can enter. The incoming light
through the hole creates an inverted image on the opposite side of the box. In real cameras, this is
where the light sensor is located. Another significant difference in real cameras is that instead of a
small hole, a lens is used, which focuses parallel rays of light to a point, thus replacing the pinhole.
The advantage of using a lens is that it allows significantly more light to enter than a pinhole, but
it introduces geometric distortion in the image. The pinhole camera model can be described by
the following equations:

T y
u:fa:; + D U:fy; + py; (4.1)

Where v and v are the pixel coordinates, x, y, and z are the spatial coordinates of the object,
f is the focal length of the camera, and p is the principal point. However, before we further
discuss the camera model, we need to make a brief detour. During camera calibration, we will
essentially perform a numerical estimation of certain elements of the pinhole camera model (focal
length, principal point, etc.). When performing numerical estimations, it is crucial to formulate
the problem in such a way that makes the estimation as easy as possible. For calibration—
and in general for geometric problems—it is customary to use what are known as homogeneous
coordinates.

4.2.1 Homogeneous Coordinates

The use of homogeneous coordinates is widespread in projective geometry. Projective geometry
is an extension of Euclidean geometry that allows significantly more transformations. While Eu-
clidean geometry only permits rigid transformations (translation, rotation), projective geometry
allows for directional scaling, shearing, and the operation of projection as well. In projective geom-
etry, the Euclidean plane/space is extended by one additional dimension, so the projective plane
can be described with 3 dimensions, and space with 4 dimensions. The transition between the two
geometries can be described by the following equations:
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Figure 4.3: The geometric model of the pinhole camera. Note that in this model, the image
plane is in front of the pinhole, resulting in an upright image. This is, of course,
just a mathematical simplification.
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The first two equations describe the conversion from Euclidean to projective geometry and back. A
curious consequence of the conversion rules is that if a point described in homogeneous coordinates
is multiplied by any non-zero scalar, after the conversion back, it will correspond to the same
Euclidean point. This scale invariance property is expressed by the third equation. As a result,
the homogeneous coordinates corresponding to a Euclidean point lie along a line that intersects
the W =1 plane exactly at the point’s Euclidean coordinates.

There are two important advantages to using homogeneous coordinates. The most significant is
that the relationships of the pinhole camera model become linear in this coordinate system. The
other important property is scale invariance, which will greatly simplify numerical estimations.
An interesting feature of homogeneous coordinates is that there exists the point (x,y,0), which
is at infinity on the Euclidean plane but still described with entirely finite coordinates in the
projective plane. This ”directed infinity” point is called an ideal point and plays an important role
in self-calibration procedures.

Transformations

As we mentioned, homogeneous coordinates are used to describe various transformations. However,
it is worth discussing exactly what types of geometric transformations exist. The most fundamen-
tal of these is the so-called Euclidean transformation, also known as a rigid transformation, as
it only allows the operations of rotation and translation. The consequence of this is that during
a Euclidean transformation, the sizes and angles of objects remain unchanged. It is easy to see
that this is not the case during image formation, so we must resort to more permissive geometric
transformations. The next type of transformation is the similarity transformation, which, in addi-
tion to the previously mentioned two operations, also allows uniform scaling (equal scaling in all
directions). This transformation does not preserve sizes but still preserves angles. These two types
of transformations can be expressed using homogeneous coordinates as follows:

x r1 Tz riz t\ [z ! ari1 T2 riz t1\ [x
vl [rar T2 Tos to Y v | | ra1 aree raz to Y
/ - / — (43)
z r31 T3z T3z i3 z z 31 T3z arsz t3 z
1 0 0 0 1 1 1 0 0 0 1 1
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Where r;; is an element of the rotation matrix, ¢; is the translation vector, and a is the uniform
scaling parameter. Note that the columns of the rotation matrix are unit length and mutually
orthogonal, meaning the rotational submatrix is an orthogonal matrix.

The next type of transformation is the affine transformation, which allows two additional operations—
directional scaling and shearing. The affine transformation no longer preserves angles but still
maintains parallelism, so it is still less permissive than the process of projection, where even paral-
lelism is not preserved. The final type is the projective transformation, which includes the operation
of perspective projection, thus only preserving intersections, not parallelism. The equations for
these two transformations are as follows:

! ann aix a3z t1\ [z wi'’ ann aip a3z t1\ [z

Yy _ @21 a2 ax i Y wy' _ @21 a2 ax i Yy (4.4)
2 a3zl asz2 asz t3 z wz' azr asz asz I3 z '

1 O 0 O 1 1 w aq1 a49 Q43 1 1

Unlike earlier cases, these matrices are composed of arbitrary elements denoted by a;;.

4.2.2 Projection Matrix

After introducing homogeneous coordinates, we can describe the pinhole camera model’s projection
with a single linear matrix multiplication:

wu fo 0 po z
wo | =10 fy, py y | = Ax (4.5)
w 0o 0 1 z

Where f is the focal length, p is the principal point, 4 and v are the pixel coordinates, and A is the
so-called camera matrix. Note that division by the z coordinate will only occur when returning
to the Euclidean plane. It’s important to note that this equation holds true if the point’s spatial
coordinates are given in the camera’s coordinate system. The origin of the camera’s coordinate
system is typically the pinhole, its x and y axes coincide with the image plane, and the z axis
points in the direction of the principal axis.

However, in three-dimensional space, there exists another coordinate system called the world coor-
dinate system, where the coordinates of 3D points are usually given. The world coordinate system
generally depends on the specific application and situation. It may sometimes be fixed to a phys-
ical object, but it can often be freely chosen. In such cases, it is often convenient to choose it to
coincide with the camera’s coordinate system, though there are many exceptions to this rule.

u wu T X

( ) — wv — Aly «~ (R t)|Y (4.6)

v
w z w

In practice, the world coordinate system does not necessarily coincide with the camera’s coordinate
system, so the transformation between the two must be determined during calibration. Fortunately,
the transformation between the two coordinate systems is a simple Euclidean transformation,
consisting of just a rotation R and a translation ¢. It is worth noting that the unknown parameters
obtained in this way are divided into two separate groups. The elements of the camera matrix A
form one group: these parameters depend exclusively on the internal construction of the camera
and are therefore called intrinsic parameters.

The second group includes the elements of R and ¢, which do not depend on the internal properties
of the camera but are instead determined solely by the specific arrangement. Therefore, these are
called extrinsic parameters. Each of these parameter groups defines a geometric transformation,
and their composition gives the complete projection matrix (P):

P=AR { (4.7)
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4.2.3 Real Optics

In reality, cameras use a slightly modified setup, as the pinhole is too small to allow enough light
for high-quality image formation. If we were to increase the size of the pinhole, the larger angle of
incidence of light rays would result in a blurry image. Therefore, a lens is placed at the camera’s
entrance, focusing parallel incoming light rays into a single point, replacing the pinhole, while its
size is large enough to allow sufficient light to pass through.

Ideal pixel Real pixel
—>
k

Figure 4.4: In some cameras, real pizels are not necessarily square-shaped. There may be
differences in pizel aspect ratios (especially in older video cameras), and the angle
between the sides may deviate from 90 degrees.

However, adding the lens introduces a complication: light rays arriving from the edges of the
camera’s field of view no longer enter the lens parallel, causing them to refract differently than
the parallel incoming rays. As a result, these light rays strike the photosensor array at different
positions, causing the image to shift. This phenomenon is called radial distortion and is common,
particularly in cameras with wide-angle lenses.

Figure 4.5: Radial distortion (left) and the distortion-corrected image (right).

4.3 Calibration

To perform 3D reconstruction, the first step is to determine the camera’s projection parameters.
As an introduction, we first needed to understand the mathematics of projection in detail, during
which we realized that the projection can essentially be divided into two parts. One part depends on
the camera’s position in the world, and the other part depends on the camera’s internal properties.
The methods presented in this subsection are primarily (but not exclusively) used to determine
the internal parameters.
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However, the question arises: how can these parameters be determined? The answer is quite
simple: since we know the mathematical relationship between the 3D points and their projections
on the image, we only need to take numerous measurements and numerically estimate the unknown
parameters of the projection. In practice, for images, this means creating a calibration object with
easily recognizable markers placed in known positions. Then, we take images of the calibration
object, identify the positions of the markers in the image, and estimate the parameters based on
these point pairs.

Depending on the calibration objects used, there are different forms of calibration. Mathematically,
the simplest case is when the markers on the calibration object are arranged in a completely general
way, meaning they do not fall on a single plane or line. In this case, we refer to a three-dimensional
calibration object. However, there are also two-dimensional and one-dimensional calibration ob-
jects. As the arrangement of markers becomes more specific, the underlying mathematics of the
calibration becomes more complex.

In the current chapter, we will look into calibration methods that use three- and two-dimensional
calibration objects in greater detail. In both cases, the calibration steps are identical:

1. Taking a number of different images of the calibration object

[\]

. Finding and identifying markers in each image

3. Determining the complete projection matrix

4. Separating internal (intrinsic) and external (extrinsic) parameters
5

. Refining the estimation

In most cases, the calibration object features some kind of repeating patterns (e.g., squares),
where the individual markers are the corner points defined by these repeating shapes. For two-
dimensional calibration, a chessboard-like calibration object is used in almost every scenario, which
is why this case is frequently referred to as ”chessboard” calibration. A major advantage of this
solution is that it is extremely simple and inexpensive to manufacture the calibration object with
high precision, thanks to advanced printers. In the three-dimensional case, chessboard-like objects
placed perpendicular to one another are also frequently used; however, here it is more difficult to
maintain accuracy at the interface where the two objects are joined. Another significant advantage
of the repetitive layout is that if we choose the world coordinate system to be at a designated point
on the calibration object (e.g., the top-left corner of the chessboard), we can easily generate the
spatial coordinates of each marker without complex measurements.

Figure 4.6: A chessboard-like calibration object and its markers.

Following this step, we capture numerous images of the calibration objects from various positions.
Since we perform a numerical estimation using measurements, the more measurements available,
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the more accurate the estimation becomes. It is important to note that this is only true for
determining the intrinsic parameters. This is because the images are captured from different
positions; thus, for every image, the relative position between the camera and the calibration
object—meaning the extrinsic parameters—is different, preventing us from using multiple images
to refine them. The camera itself, however, does not change, so the intrinsic parameters remain
identical for every image. If we wish to refine the estimation of the extrinsic parameters, it is
advisable to increase the number of markers found on the calibration object.

The markers are most commonly some sort of corner-like points on the calibration object, making
it practical to apply an established corner detection method (e.g., KLT, Harris). However, a
fundamental disadvantage of these methods is that the detected corner positions do not possess
sub-pixel accuracy, which can cause significant errors in the estimation due to the poor condition
number of the calibration problem. For this reason, a common solution for chessboard-like layouts
is to detect edges instead of corners, from which straight lines are determined using the Hough
transform method. Since lines are obtained parametrically during the Hough transform, we can
easily calculate the intersection points of these lines. The accuracy of the corner points obtained
in this manner can already be measured at a sub-pixel level.

4.3.1 Determining the Projection

Following this, in the linear system of equations & = PX , the values of @ and X are already known,
leaving only P to be determined. Here, however, a problem arises: we can solve linear systems
of equations when the variable in place of the X vector is the unknown, but in our case, the P
matrix is the unknown. This problem can be rectified via a simple algebraic rearrangement, and
the system of equations obtained by writing it out for all point pairs in a given image can be solved
using the method of least squares. To rearrange the equation, we first express the value of the u
coordinate in the following manner:

T

wu P\ T

wo | =|pl | X — wu= we_h = (4.8)
2 w Y

w Py Ps

Where pf' is the first row of the projection matrix P. Expressing the v coordinate in a similar
manner yields the following system of equations:

upg)z = p?)z

- -, (4.9)
ups X =py X
Rearranging this into matrix form:
¢ 0 T b1
X 0 —uX =
SO S =Gp=0 4.10
<0 X —UX> b2 P (4.10)

By setting up this system of equations for the remaining point pairs, the matrix G is expanded
with additional rows. It is worth noting that during the least-squares solution, we are forced to
arbitrarily choose the norm of the projection matrix P; otherwise, we would not be able to solve
the system of equations uniquely. Recall, however, that the matrix P operates on homogeneous
coordinates, which are invariant to scalar multiplication. Consequently, no matter how we choose
the norm of the matrix P, it will execute the exact same geometric transformation under any scale
factor.

Following this, the obtained projection matrix P must be decomposed into a camera intrinsic
matrix A and a rigid transformation [Rt]. In the case of three-dimensional calibration, this can
be easily achieved using the well-known QR decomposition, thanks to the special properties of the
rotation matrix and the camera matrix.
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4.4 Stereo Calibration

As established in previous discussions, 3D reconstruction requires multiple cameras or at least
multiple images taken from different positions. Additionally, it is necessary to know the geometric
relationship between the different cameras or images. In some cases, this relationship can be
obtained from another source, such as an external sensor (this is especially common in mobile
robotics). However, in many cases, we must rely solely on the images taken by the cameras. In
this subsection, we will explore how calibration methods can be used to determine the relative
positions of cameras or images.

To explore the possible methods, it is useful to recognize that the nature of the task and, con-
sequently, its difficulty depend greatly on the setup. As discussed in previous chapters, there is
a distinction between two scenarios: when two cameras take images from different positions, and
when a single camera moves between two images. In the former scenario, we are dealing with a
fixed camera system where the cameras do not move relative to each other during image capture,
so calibration only needs to be performed once, at the beginning. In the latter scenario, the camera
is continuously moving, and the motion between each pair of images must be estimated.

In the case of fixed camera systems, we are in a very fortunate situation, as the internal calibration
of the cameras (which must be done anyway) can be performed for all cameras simultaneously.
The only requirement is that the calibration object be visible in all cameras. Recall that in all
methods using calibration objects, not only the internal parameters of the cameras but also the
external parameters (i.e., the transformation between the calibration object and the camera) are
computed for each calibration image.

If the transformation between each camera and a designated point is known in a given image,
the transformation between the cameras can be easily calculated. Moreover, since the relative
positions of the cameras do not change between images, all images can be used to estimate this
transformation. This implies that in the case of fixed camera systems, there is no need for separate
calibration of the camera system, as the relative positions can be easily determined during the
internal calibration, which is already necessary.

4.4.1 Epipolar Geometry

The situation is entirely different in the case of moving cameras. Here, the camera calibration is
performed once at the beginning of the usage, and then, by moving the camera in the space of
interest, we aim to generate a reconstruction. At this point, there is no calibration object in the
space that we can use for simple calibration. This means that the estimation of the movement
must be carried out using the natural markers that appear in the image. This is a challenging task
because we do not know the spatial coordinates of the natural markers (if we did, the reconstruction
would already be complete), so we can only rely on the fact that if we find the same marker in
both images, we can set up an equation for these point pairs.

However, before we do this, we need to examine the geometric arrangement itself. For simplicity,
let us limit ourselves to the so-called stereo setup, where the moving camera is represented in two
positions: these are referred to as the right and left cameras. The center of the left camera is Oy,
and a spatial point X intersects its image plane at the point X . The center of the right camera is
Og, and the point X intersects its image plane at the point Xg. The translation between the two
camera centers is described by the vector ¢, and the rotation between the image planes is described
by the matrix R.

It is worth noting that if we know the points Oy, and X, but not X (as is the case in reality), we
can determine the direction in which X is located from the left camera, but not its distance. This
means that along a spatial line, there are infinitely many candidates for the point X. However,
projection maps a spatial line to another line in the image plane, so all possible matches for X, in
the right camera’s image also lie along a line. These lines are called epipolar lines. It is important
to know that all epipolar lines intersect at a point called the epipole (e, and eg). Moreover, the
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X

Figure 4.7: The epipolar configuration.

epipole is the point where the line connecting the two camera centers intersects the respective
image planes.

Tt is essential to note the following property: the vector connecting the two cameras (t), the vector
pointing from the left camera center to the point X, and the vector pointing from the right camera
center to the point Xg all lie in the same plane. This is only true, of course, if X; and Xy are
images of the same point X. If three vectors lie in the same plane, it means that if we choose any
two and compute their cross product, the result will be perpendicular to the third vector. This
observation allows us to formulate a system of equations that can be solved numerically, thereby
determining the parameters of the cameras.

4.5 3D Reconstruction

In the previous sections, we learned about the fundamental relationships in image formation ge-
ometry, as well as the key details of calibration procedures. These are essential components of
3D reconstruction and the foundational steps of building any reconstruction system. However, the
current lecture focuses on the actual implementation of the reconstruction and the computer vision
algorithms required for this task.

The process of 3D reconstruction can be broken down into four basic steps, one of which we have
already discussed in the previous lecture. This first step is the calibration of individual cameras
and the camera system. After this, using the rectification transformation obtained during the
camera system calibration, we transform the images to be used for the reconstruction. The next
step is to search for correspondences between the individual images, and based on the calibration
results and the obtained point pairs, we compute the spatial points. Naturally, the reconstruction
of the three-dimensional space can be followed by several further processing steps, as the goal of
the reconstruction is spatial processing. The algorithms used for this purpose will be the topic of
the next subsection.

4.6 Rectification

Once the transformation between the cameras is determined, it opens up a new opportunity for
us. Recall the epipolar lines introduced during the stereo setup. These lines define the direction
along which a point’s pair can be found in the other camera’s image. Naturally, these lines differ
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for each point. However, there exists a particular camera arrangement where all epipolar lines are
horizontal. This arrangement is called the standard stereo setup, and it occurs when the translation
between the cameras is purely horizontal, and there is no rotation between their image planes.

The great advantage of this arrangement is that we only need to search for the pair of each pixel
along a single row of the other image, rather than across the entire image. This typically results
in a 2-3 order of magnitude speedup. In practice, such an arrangement can only be achieved
with industrial tools, but calibration provides the possibility of artificially creating the standard
setup, known as rectification. During rectification, the two images are distorted using a linear
transformation in such a way that the epipolar lines become horizontal. It is important to note
that in the presence of lens distortion, the epipolar lines themselves also curve, so this must be
corrected during rectification as well. Consequently, the two operations are often combined, and
many sources refer to this combined operation as rectification.

Aann

Figure 4.8: The rectification operation.

4.7 Disparity

The search for correspondences between the captured images is the most fundamental operation
in reconstruction. The information that the image of the same spatial point is found at different
locations in images taken from different positions is precisely the new information we need to
restore the information lost during projection. Therefore, the accuracy of matching between images
fundamentally determines the quality of the final reconstruction. We have two requirements for
matching: first, the pairs must be found as accurately as possible, and second, the matching should
be as complete as possible, meaning we should find pairs for as many pixels as possible. The latter,
of course, is not fully achievable due to the finite extent of the image and occlusions.

As discussed in the previous section, performing rectification greatly simplifies the search for cor-
respondences. In the case of a rectified image pair, we can guarantee that a given pixel’s pair will
be located on the same row in the other image. Consequently, for each pixel in one image, we can
assign a so-called disparity value, which expresses how many pixel positions its pair is displaced
relative to it. In other words, disparity is the horizontal distance between a pixel and its pair. It is
worth noting that there are less common standard arrangements where the cameras are positioned
above/below each other, in which case the disparity is vertical.

If we determine the disparity value for each pixel in the image, we obtain a grayscale image called
a disparity map. This image is also easily interpretable by the human eye because the disparity
value essentially depends on the distance from the camera. Most people have likely experimented
with this at least once in their lives, where they close one eye and observe their outstretched hand,
then switch to the other eye and notice that their hand appears in a slightly different location. By
continuing this experiment, we can observe that the closer the hand is, the greater the difference
between the positions perceived by the two eyes. From this, it is easy to understand that the larger
the disparity value, the closer the object corresponding to that pixel is to the camera.

63/168 STEREO VISION



Computer Vision Systems

- Sy

L ]

Figure 4.9: A stereo image pair (top) and the corresponding disparity maps (bottom). The
left image is the result of an algorithm, while the right image is the true disparity
(so-called ground truth,).

There are many methods for determining disparity, which can be categorized into two main groups:
dense and sparse disparity methods. Dense methods determine the disparity value for nearly every
pixel in the image, while sparse methods only compute it at a few selected positions. Although
our goal is to determine disparity for as many points as possible, sparse disparity methods often
provide significantly more accurate results. The disparity calculated by sparse methods can be
densified using various interpolation techniques.

4.7.1 Block Matching

One of the most important families of dense disparity methods is based on the block matching (BM)
algorithm. Block matching is a fundamental algorithm in computer vision, with many applications,
often mentioned under slightly different names. The essence of the algorithm is that it takes a
neighborhood around the pixel under consideration and moves it across all possible positions along
the corresponding row in the other image. At each step, it compares the neighborhood of the
original pixel with the neighborhood found at the current position. Various similarity metrics can
be chosen, but the sum of squared differences of the individual pixels is most commonly used. The
block matching algorithm seeks the position where this sum of squared differences is minimized,
and this position will be the match for the original pixel.

It is worth noting that the block matching algorithm determines the disparity of each pixel in-
dependently of others. This is important because the disparity map is generally quite “smooth,”
meaning the disparity values of neighboring pixels are close to each other, with only rare large
jumps. This is naturally a result of real three-dimensional spaces where objects are generally
spatially connected, and only their boundaries exhibit larger spatial jumps. However, the block
matching algorithm does not take this into account, resulting in a disparity map that is often quite
noisy.

4.7.2 SGBM

Taking into account the properties of real spaces, it is possible to significantly improve the quality
of the disparity map. One frequently used method is to add a penalty term to the block matching
error criterion that enforces smoothness in the disparity map. This solution is applied in the semi-
global block matching (SGBM) method. The SGBM method extends the standard block matching
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Figure 4.10: The result of the BM algorithm.

error function with two additional terms. In the first term, we examine a neighborhood around the
pixel under consideration, and if the disparity values between pixels differ by exactly 1, we increase
the error function by a constant P1. The second term ensures that if the difference is greater than
1, the error function is penalized by a constant P2. The values of the constants are chosen based
on the results, although a commonly used rule of thumb is that P2 is four times the value of P1.

E(D)=> E(p,Dy)+ > PIT(Dy—Dy|==1)+ Y  P2T(|Dy— D,| > 1) (4.11)
P gEN(p) qeN(p)

4.8 Reconstruction

The final step of three-dimensional reconstruction is reprojection, during which the image points
are projected back into three-dimensional space. This is done using the principle of triangulation.

4.8.1 Triangulation

During calibration, we determine the parameters of each camera, allowing us to generate the ray
along which the light that forms the pixel arrived at the camera for each pixel. This can naturally
be done for all cameras where the matching point of the given pixel has been found. Furthermore,
since we know the transformations between the cameras, we can transform all cameras and rays into
a common coordinate system. In this common reference frame, the projection rays corresponding
to the same spatial point will intersect at the original point’s position.

E

XL XRr

O R

Figure 4.11: The principle of triangulation.

The method just described is the principle of triangulation, which works particularly well in two-
dimensional problems. However, in three-dimensional space, we encounter the problem that even
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very small inaccuracies can cause the rays from the two cameras to miss each other, resulting in
no intersection point. Therefore, it is more practical to determine the original coordinates of the
three-dimensional point using the least squares method.

4.8.2 Metric Reconstruction

At this point, it’s worth recalling the original motivation behind the field of three-dimensional
computer vision. Our goal was to reconstruct the geometry of the original three-dimensional space
from images distorted and stripped of information by the camera’s projection. However, we must
be aware of the limitations of the methods described here and the conditions under which they
function. One trivial but important limitation is that simple two-camera (stereo) reconstruction
will never yield a complete 3D space. The reason for this is that in a stereo arrangement, the
cameras are typically positioned close to each other, so they only see the front side of the objects
in the scene. The resulting reconstruction will be similar, with the back of all spatial objects
missing.

Another important aspect is the question of the metric in the reconstruction. The primary goal
is for the dimensions of the resulting reconstruction to be presented in some known (preferably
SI) unit of measurement, i.e., for the reconstruction to be metric. It is, therefore, worth briefly
discussing the conditions for metric reconstruction and the consequences of incomplete fulfillment of
these conditions. Simply put, the condition for metric reconstruction is that the internal parameters
of the cameras used, as well as the external parameters of the arrangement, are known completely.

There may be situations (typically with moving cameras) where the external parameters of the
arrangement are only partially known (for example, the magnitude of the displacement between
the two images cannot be determined). In such cases, the reconstruction will be shape-preserving
(free of geometric distortions), but the actual size of the objects will remain unknown. In these
cases, the units of the resulting coordinates are typically based on the displacement between the
two cameras. It is worth noting that in such situations, if the displacement magnitude can be
estimated in any other way (e.g., using a speedometer or an RGB-D sensor) or if the size of a
known object in the space can be estimated, the reconstruction can be made metric. Naturally,
even if this is not possible, the reconstruction may still be useful—for example, in the case of
vehicles, knowing distances in relation to the vehicle’s speed may be sufficient to avoid collisions.

However, there may be cases where neither the internal nor external parameters are known. In
this case, while the reconstruction process can still be carried out, the resulting three-dimensional
scene will be invariant only up to an unknown projective transformation. As mentioned in the
introductory section of this chapter, a projective transformation can alter the parallelism of lines
or even bring an infinitely distant point into finite proximity, so using such reconstructions can be
dangerous.

4.9 Single and Multi-Camera Methods

In the previous subsection, we explored the principle of stereo reconstruction and its shortcomings.
Since reconstruction with two cameras is incomplete, it is often referred to as a ”2.5D” solution.
Moreover, it is worth noting that in stereo reconstruction, the positions of spatial points were deter-
mined using the minimum number of measurements (two) required. This implies that two-camera
reconstruction is the noisiest type, as the noise in the estimation can be reduced by increasing
the number of measurements. Therefore, it is worth briefly discussing the types of multi-camera
reconstruction.

The main reason for this brief discussion is that in the previous subsection, we already covered
almost everything needed for these solutions. If more fixed cameras are used, the entire space can
be reconstructed, provided that the cameras surround the area of interest from all directions. In
this case, the reprojection can be computed with great accuracy using the least squares method
described in the previous section. These solutions are most commonly used in animation and

66/168 STEREO VISION



Computer Vision Systems

filmmaking, as well as in medical imaging, for implementing so-called motion capture technologies.
Typically, the movement of a person or animal is recorded in three dimensions with high accuracy,
and this data is then used for various purposes (creating animated characters, diagnostics).

4.9.1 SfM and SLAM

The case of reconstruction using a moving camera is somewhat more interesting. While it is difficult
to speak of multi-camera reconstruction in this case, reconstruction with a moving camera is typi-
cally performed from multiple frames, so it still falls into this category of methods. Moving-camera
reconstruction methods are commonly referred to by two names: SfM (Structure from Motion) and
SLAM (Simultaneous Localization and Mapping). The distinction between these two methods is
not sharp, although in most literature, SfM methods typically perform the reconstruction offline
after the images have been captured, whereas SLAM does so in real-time, online.

In offline solutions, correspondences between existing (not necessarily sequential) images are sought,
and reconstruction is typically initiated from the points that appear most frequently or from the
image pair with the most correspondences. These correspondences are usually found using robust
image feature detection methods (such as SIFT, SURF, etc.).

Figure 4.12: Reconstruction of the Colosseum from tourist photos.

In online solutions, the images are processed in the order they are captured, and each new image
is added to the existing reconstruction while simultaneously estimating the camera’s new position.
In this case, the estimation is typically made relative to the previous image and state. Due to the
real-time requirement, the matching is usually done using optical flow or similarly fast methods.
A typical SLAM algorithm involves the following steps:

—

. Feature detection

2. Matching with the features of the previous image
3. Camera pose estimation

4. 3D point coordinate estimation

5. Bundle adjustment

A special emphasis should be placed on the bundle adjustment step, which occurs in both offline
and online reconstruction methods. This step is quite similar to the final refinement step in internal
camera calibration procedures, as here too, an iterative numerical optimization process is used to
minimize geometric errors. However, instead of refining the camera’s internal parameters, we
optimize the coordinates of the three-dimensional points and the elements of the transformation
matrix that describes the camera’s position.

One of the fundamental problems of SLAM-type algorithms is the phenomenon of drift. This
occurs because the new camera position is always estimated relative to the previous position, so
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the camera’s absolute position is derived from a series of relative displacements. Since perfect esti-
mation is impossible, the errors in successive estimates gradually accumulate, causing the initially
small error to grow larger, meaning that the estimated position slowly "drifts” away from the true
one.

Several methods exist to address this issue. The first approach is to estimate the relative displace-
ment not only based on the previous image but also in relation to earlier images, thus reducing the
amount of drift. Of course, this cannot be done indefinitely, as the moving camera will eventually
see new areas, and there will be no overlap with frames that are too old, making it impossible
to find common features. Another solution is loop closure detection, where we detect when the
camera returns to a previously visited location, and in such cases, the position is estimated relative
to the frame captured at that earlier location. Additionally, it is generally possible to estimate
localization relative to the already completed portion of the map, in addition to the previous
frames.
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5 Segmentation

5.1 Introduction and Methods

In computer vision, we often need to assign each pixel of an image to distinct objects, that is,
to segment the image. The output of segmentation is most often a binary or multi-state image
that can be used as a mask to highlight or cut out the object found in the original image. The
segmentation process can also be used to create object proposal methods mentioned at the end of
the previous subsection.

Figure 5.1: The problem of segmentation.

Based on the information used and the specific output of the process, different types of segmentation
can be distinguished. Foreground segmentation refers to when we want to find pixels belonging to
an object with known properties. In traditional image segmentation, however, there is no specific
foreground object; instead, we want to divide the image according to separate objects. Sometimes
the image is segmented not by individual objects but by object categories or classes, in which case
we speak of semantic segmentation. This method, however, merges two neighboring objects of the
same class into a single segment. If we want to segment not only by classes but also by individual
instances within them, we speak of instance segmentation.

There are many methods for segmentation, the simplest of which are color or intensity-based
methods such as thresholding and clustering. There are also methods that aim to find contiguous
regions based on different coherence criteria; these are called region-based methods. In addition,
edge-based, motion-based, and graph-cut-based methods also exist.

5.2 Thresholding

Foreground segmentation can be most easily performed based on color or intensity. In simple,
controlled environments, it is often guaranteed that the object relevant to our application is the
only object with a specific color in the image, so segmentation can be easily performed using
thresholding on the color channels. Of course, in reality, the binary image obtained this way
still needs to be filtered using the methods described in subsection 4.4. It is important to note
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that whether we are dealing with intensity or color-based segmentation, thresholding is almost
exclusively performed in one of the HSV or YCbCr color spaces (or their variations).

Figure 5.2: The result of thresholding (left) and multi-level thresholding (right).

In thresholding-based segmentation, the threshold value is often determined by the designers,
which can often be suboptimal. To avoid this, we frequently apply the method of histogram
backprojection. At the beginning of the process, we create a reference histogram of the object to
be segmented, which is then compared with the image during operation. For each pixel in the image,
we determine the likelihood that it comes from the reference histogram during the backprojection.
By thresholding the resulting probability image, we can obtain a mask that contains the pixels
belonging to the object.

The histogram of the image to be segmented can also be used for traditional segmentation without
a reference object. In this case, the algorithm looks for peaks separated by valleys in the image’s
histogram, thus dividing the pixels of the image into multiple parts. Naturally, this segmentation
can also be performed in multiple dimensions simultaneously, allowing both color and brightness
information to be utilized.
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Figure 5.3: The principle of histogram-based thresholding (left) and its result (right).

Application: Many virtual and augmented reality systems use hand gestures to implement one
direction of human-machine communication. Although there are solutions where these gestures
are detected using gloves equipped with various sensors, there are at least as many camera-based
gesture recognition systems. For these to work, hand segmentation is required, which can easily
be done, for example, using the histogram backprojection method, based on the color of the skin.
It is important to note that this solution is only advisable if the camera does not see other skin
surfaces besides the hand, as in that case, those could also be mistaken for a hand. This is usually
guaranteed in head-mounted vision systems (such as display glasses with cameras).

One major issue with color-based segmentation is that the interpretation of colors can be subjective
in certain cases. This is well illustrated by the image of "The Dress,” which took the internet by
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storm in 2015. This image shows a dress made up of two colors, which some people see as white
and gold, while others see it as blue and black. The exact explanation for this phenomenon is still
unknown, though the most popular theory attributes it to individually varying compensation for
the color-distorting effects of natural light.

|

Figure 5.4: The Dress.

5.3 Clustering

A solution very similar to histogram-based segmentation is clustering-based segmentation. We
previously mentioned clustering in the context of visual word-based classification, where the essence
is to partition a set of points defined in any arbitrary space into several subsets or clusters in such
a way that the resulting clusters satisfy some compactness criterion as much as possible. Although
many algorithms have been proposed for clustering, one of the most widely used solutions is the
k-means algorithm.

A
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Figure 5.5: The principle of clustering.

71/168 SEGMENTATION



Computer Vision Systems

5.3.1 k-Means

The k-means method aims to partition the set of points into k clusters in such a way that the sum
of the squared distances of the elements of each cluster from the cluster center is minimized. It uses
an iterative algorithm, starting with randomly placing k centroids in the space defined by the data
points. The algorithm then iterates through the following two steps until convergence. In the first
step, each point is assigned to the nearest cluster centroid, which changes the cluster assignments
of the points. In the second step, new values for the cluster centroids are computed, which are
the arithmetic means of the points assigned to each cluster. This step changes the positions of the
centroids, which may change the cluster assignments, and the iteration continues.
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Figure 5.6: The principle of k-means.

The k-means method is proven to converge regardless of the specific values of the random initial-
ization. A stopping criterion can be the constancy of the cluster centroids or point assignments
(or if the change is below a threshold). It is important to note that the value of k in the method’s
name and operation is chosen by the designer and its careful selection significantly affects the
algorithm’s performance. The problem is that increasing k will always increase the compactness
of the resulting clusters, and indeed, N points can be assigned to N clusters with zero error. This
would, however, mean assigning each pixel of an image to a separate object, which has little prac-
tical value. Therefore, it is useful to plot the error as a function of the number of clusters and
choose the elbow point of this function, which is the number of clusters where the error no longer
decreases significantly with increasing k.

Figure 5.7: Choosing the number of clusters. Although clustering error monotonically de-
creases, it is advisable to choose the elbow point indicated in the figure, where
stgnificant improvement is achieved by increasing the number of clusters.
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5.3.2 Mixture of Gaussians

In the k-Means method, each point is assigned to exactly one cluster. However, this does not have
to be the case; some points may belong to multiple clusters with different probabilities. In this case,
we speak of soft or fuzzy clustering. An example of such an algorithm is the Mixture of Gaussians
(MoG), which describes the set of points using k independent Gaussian distributions. The goal
of the method is to determine the parameters of the distributions such that the probability of the
data set is maximized. It uses the Expectation-Maximization (EM) algorithm for this purpose.

Figure 5.8: The principle of MoG clustering. The figure shows the contour lines of the Gaussian
distributions describing each cluster.

The EM algorithm is a two-step iterative process that initializes the Gaussian distributions ran-
domly and then repeats the following two steps until convergence:

1. Expectation: Each point is assigned to the Gaussian distribution that gives the highest
probability for that point.

2. Maximization: The parameters of each distribution are estimated using the maximum-
likelihood method based on the assigned points.

The parameters of the normal distribution containing X points can be estimated as follows (Max-
imum Likelihood):

p=X

1 (5.1)

S=——(X-)T(X -/
o1& A (X =)

It can be seen that the steps of EM and k-means are quite similar. The key difference is that the

MoG can result in clusters of varying widths and shapes, whereas this is not possible with k-means.

5.3.3 Mean Shift

The last important clustering method is mean shift, which begins by defining a weighting kernel.
In image segmentation, this is most commonly a flat or Gaussian kernel. It is also necessary to
define the size of the kernel, which affects the granularity of the final segmentation. However, it is
important to note that with mean shift, there is no need to specify the number of clusters, as this is
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Figure 5.9: The principle of mean shift clustering.

automatically determined during the algorithm’s execution. This presents a significant advantage
over the previous two methods.

During the execution of mean shift, we traverse the points with the kernel, then compute the
average of the points covered by the kernel (weighted by the kernel weights) at each position. The
point is then shifted to this computed average. This process is repeated until no further changes
occur.

Figure 5.10: The result of the mean shift algorithm.

5.3.4 DBSCAN

While techniques like k-means, Mixture of Gaussians (MoG/EM), and Mean Shift rely on centroids
or density gradients, DBSCAN (Density-Based Spatial Clustering of Applications with Noise)
approaches clustering from a structural, connectivity-focused perspective. Quite simply DBSCAN
discovers clusters by starting at a seed point and iteratively expanding the region outward. The
algorithm requires two initial parameters to define its growth criteria: ¢ (Eps), which represents
the continuous radius distance of a point’s neighborhood, and MinPts, the minimum number of
data points required within that radius to form a dense region.

The clustering process begins by selecting a random, unvisited data point and inspecting its e-
neighborhood. If the neighborhood contains at least MinPts, the point is classified as a Core Point,
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and a new cluster is spawned. The algorithm then iteratively inspects all neighbors within that
radius; if any of these neighbors also satisfy the MinPts threshold, their own neighborhoods are
added to the active exploration queue, causing the cluster to grow. If a point is within the radius
of a cluster but lacks enough neighbors of its own to expand further, it becomes a Border Point,
marking the edge of the cluster. Once the region can no longer expand, the algorithm picks a
new unvisited point to look for the next cluster. Any isolated points that fail to meet the MinPts
requirement and are not reachable by any cluster are explicitly labeled as Outliers (Noise).

epsilon =100
minPoints = 4

Figure 5.11: The iteration of the DBSCAN algorithm.

The primary advantages of DBSCAN stem from its ability to map data based on spatial connec-
tivity rather than rigid geometric assumptions. Unlike k-means or Mixture of Gaussians, which
force data into spherical or elliptical shapes, DBSCAN can seamlessly discover highly complex,
interlocking, or non-convex cluster formations. Furthermore, it completely eliminates the need for
the user to guess or pre-specify the total number of clusters. These thus far match the advantages
of Mean-Shift, however DBSCAN also features built-in anomaly detection by explicitly isolating
outliers as noise rather than forcing them into clusters where they do not belong.

However, the algorithm exhibits several critical drawbacks tied to its recursive nature. Its biggest
limitation is its extreme sensitivity to datasets with varying densities; because it relies on a single
fixed neighborhood radius (g), it cannot simultaneously capture both highly dense and highly
sparse clusters effectively. Additionally, it suffers from the ”"bridge effect,” where a few stray
noise points acting as a physical link can cause DBSCAN to incorrectly merge two completely
distinct semantic clusters into one, or conversely, a few missing points can cause a cluster to
fall into two pieces. Finally, because it requires computing pairwise distances and performing
continuous neighborhood queries, the recursive expansion can lead to significant memory overhead
and computational bottlenecks when scaling to massive datasets.

5.4 Region-Based Methods

One of the major drawbacks of the methods listed so far is that they only consider intensity or color
information. Since most objects in the universe are spatially coherent (and hence their images are
also coherent), it is a fundamental criterion that the segments obtained during segmentation should
also be coherent. Various region-based methods address this problem, such as region growing and
region splitting, as well as segmentation methods based on graph cuts.

5.4.1 Region Growing

In the region growing process, the algorithm first selects a few seed points from the image. These
region seeds can be chosen based on the intensity of the image points or, for example, placed
uniformly on a grid. These seeds will serve as the initial values for the regions. Starting from these
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Figure 5.12: The drawback of using intensity/color: Due to various real effects, clearly distinct
regions in the image may have the same intensity, leading to them being assigned
to the same cluster.

seeds, the algorithm examines the still unlabeled neighbors of each region and evaluates a region
membership function. If this membership function returns a positive result, the examined point is
added to the region; otherwise, it is not. The algorithm stops when no more points can be added
to any region.

Figure 5.13: The principle of region growing.

The outcome of the region growing algorithm is influenced by several factors. One of these factors
is the choice of seed points, which is advisable to select using the image histogram. It is also worth
discarding regions that are too small in the result, as they are likely to be products of some local
noise or error. However, the most important factor is the criterion for region membership. Most
often, this is decided based on the intensity difference between neighboring pixels or between the
old centroid and the examined pixel, using a threshold. For specialized images, color or texture
similarities can also be utilized.

Region growing is also recusrive, causing significant computation loads. In fact a poorly chosen
criterion can cause the algorithm to grow into the entire image, resulting in recusrion that is
millions deep, causing the algorithm to crash on even modern machines. Careful readers might
also note that region growing is not in fact a wholly new algorithm: Its functioning is almost
entirely the same as the previously discussed DBSCAN. The difference is that region growing uses
the image grid for neighbourhood, making it specialized for image segmentation, while DBSCAN
is a more general algorithm.
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5.4.2 Split & Merge

The region splitting procedure provides a solution to these problems. In its initial state, it con-
siders the entire image as a single, coherent segment. The algorithm then iteratively traverses all
segments, and if a segment meets a homogeneity criterion specified by the designer, it remains
unchanged. Otherwise, the segment is divided into four equal-area parts, and these new segments
are examined as well. This process continues until no new segments are created.

However, after splitting, it is likely that many otherwise contiguous regions will be separated.
Therefore, a merging phase follows the splitting, which also merges neighboring regions based on a
similarity criterion if necessary. This method allows for a fast, globally informed approach that is
significantly more robust to noise and almost completely invariant to the choice of neighborhood.
The drawback of this method is that the boundaries of the segments are not always entirely accurate
due to the square-based splitting.
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Figure 5.14: The principle of the Split € Merge algorithm.

5.5 Graph Cut

It is worth mentioning graph cut-based segmentation methods, which come in various forms. A
common feature of these methods is that they describe the image as a weighted, undirected graph,
where the graph’s nodes represent pixels or local pixel groups. The graph edges are defined only
between neighboring pixels or groups, and the weights on these edges express the dissimilarity
between pixels or groups. The essence of most such methods is to cut the constructed graph into
multiple parts in a way that minimizes the cost of these cuts. The cost of the cuts is determined
based on the weights of the edges removed from the graph.

Application: It is worth noting that segmentation methods are often used for so-called super-
pixel segmentation as well. A superpixel is a relatively small, compact image region with certain
homogeneity properties. Large, complex objects are usually composed of many superpixels. The
same algorithms can be used for segmentation in this manner, with parameters adjusted to find
many small segments. There are also specifically developed methods for this purpose. Superpixels
are extremely useful in various applications, such as speeding up manual image labeling (which is
necessary for creating training databases for machine learning) using this method.
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Figure 5.15: The principle of graph cut segmentation.

5.6 Watershed

The last popular algorithm is the watershed method. The essence of this method is to imagine
image intensity values as a topographic map (i.e., the brighter a pixel, the higher it is above the
image plane). Following this, we find the local minima in the image and start "flooding” the image
from each minimum simultaneously. When the floods from two different minima meet, we have
found the watershed line, which is the boundary between the two segments.

Figure 5.16: The principle of the Watershed algorithm.

One major advantage of the Watershed algorithm is that it easily allows manual intervention, as
the starting points for the flooding can be defined manually. This method can achieve quite good

quality segmentation even in difficult images.
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Figure 5.17: The principle of the marker-based Watershed algorithm.

5.7 3D Segmentation

In previous chapters, we discussed the various methods available to perform three-dimensional
reconstruction in detail. It is evident, however, that the task does not end here; the reconstruction
itself was created for the purpose of further downstream processing. Therefore, it is necessary to
briefly discuss the methods used to process spatial structures. While the processing techniques
for datasets generated via 3D reconstruction share certain similarities with the computer vision
algorithms introduced earlier, some of their fundamental characteristics differ significantly.

The core objectives of processing three-dimensional structures are fundamentally identical to those
encountered in traditional computer vision. The generated dataset is corrupted by noise and errors,
making the execution of filtering operations essential. Following this, we must isolate or recognize
the relevant parts of the scene using specific methods. This latter task can be achieved through
either segmentation techniques or recognition methods built upon local features.

5.7.1 3D Structure Representation

Before introducing specific processing methods, we must address a foundational question: the exact
format used to represent spatial structures is not immediately obvious. Traditional computer vision
stores a two-dimensional image on a 2D grid, where each element of the grid corresponds to a pixel
value. A intuitive solution would be to store a spatial structure as a 3D grid of so-called voxels
(a portmanteau of volumetric and pixel), where each voxel represents a tiny, cube-shaped volume
element, and the voxel value depends on the object occupying that specific region of space.

However, this grid-based approach is a rather poor choice for several reasons, the first of which is the
curse of dimensionality. Consider that an average-resolution image contains roughly 1,000 to 4,000
pixels along each dimension, totaling a few million pixels and occupying just a few megabytes in
memory. Spatial structures possess an additional third dimension; thus, at a comparable resolution,
the number of voxels would soar into the billions, pushing memory requirements into the gigabyte
range. Furthermore, reconstructions are frequently generated from a multitude of images. While
a single image captures only a small portion of the environment, the final reconstruction must
represent the entire scene, which demands even higher spatial resolutions than those typical of
individual frames.

An additional drawback of voxel grids is that they are highly inefficient and wasteful. While light
typically falls on every pixel of a 2D image, three-dimensional spaces are notably empty. Consider
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your immediate surroundings; unless you are currently inside a densely packed warehouse, roughly
90 to 95 percent of the room’s total volume is likely empty space. Additionally, by their very
nature, optical three-dimensional reconstructions only capture the outer surfaces of objects (as
standard cameras cannot see inside solid structures). Consequently, only about 1 percent of the
volume within an average reconstruction actually contains any data.

For these reasons, the primary storage representation for three-dimensional data is the point cloud,
which is simply a list (usually unordered) of the 3D points that comprise the surfaces of objects. In
light of the issues discussed above, this method is significantly more memory-efficient and precise
than a rigid grid. It is worth noting that points in a point cloud frequently store auxiliary attributes
alongside their spatial coordinates. Most commonly, each point is assigned the color value of the
corresponding pixel from the source images. It is also standard practice to compute the surface
normal vectors for the geometry and associate these vectors with their respective points.

Figure 5.18: Binary (left) and colored (right) point clouds.

5.7.2 Filtering Methods

Just as in classical computer vision, filtering and refinement constitute fundamental steps in point
cloud processing. For three-dimensional point clouds, the simplest solution is the so-called box
filter or voxel filter. Its operation is closely analogous to the box blur (averaging filter) used in
image processing: the box filter sweeps a 3D window across the point cloud, and at each step,
replaces all points falling within the window’s volume with their spatial average. The box filter
is excellent for suppressing random positional noise and downsampling point densities. Due to
errors in reconstruction or registration pipelines, the exact same spatial point can often appear
multiple times in a point cloud with slightly altered coordinate values. In such scenarios, adding
new camera views could indefinitely bloat the file size, but the box filter provides a mechanism to
keep this data inflation under control.
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Figure 5.19: The filtering principle of the box filter.

However, point clouds can contain erroneous data points against which a basic box filter is ineffec-
tive. During the reconstruction process, false feature correspondences often cause isolated points
to be generated with entirely incorrect coordinates, positioning them far outside the main struc-
ture. These points are called outliers. It is easy to see that they cannot be averaged with nearby
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neighbors simply because they do not have any. This distinct isolation can be exploited to filter
them out: we can find the k nearest neighbors for every point and compute their average distance.
Points where this average distance deviates significantly from the statistical norm of the rest of
the cloud are flagged and removed as outliers.
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Figure 5.20: Outlier points (left) and the distance histogram used for their filtering (right).

5.7.3 RANSAC

There is, however, an algorithm that is rarely applied to 2D images but is considered one of the most
popular procedures for segmenting 3D point clouds. This algorithm is known as RANSAC (Random
Sample Consensus). Fundamentally, RANSAC is a universal parameter estimation technique that
is applied in numerous domains beyond point cloud segmentation, including camera calibration.

The underlying principle of the algorithm is remarkably simple: it randomly selects a small subset
of points from a dataset to construct a candidate solution, and by repeating this process over many
random iterations, it generates a large pool of random candidates. Following this, it evaluates how
many points from the entire dataset fit within a predefined tolerance to each candidate solution.
The points that fit a given candidate are referred to as inliers. The RANSAC algorithm counts the
number of inliers for each candidate and returns the candidate solution that achieved the highest
inlier count as the final result.
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Figure 5.21: Inlier and outlier points during line fitting.

In the context of point clouds, the RANSAC procedure is typically used to locate primitive para-
metric shapes (such as planes, cylinders, etc.). In this scenario, the RANSAC algorithm randomly
samples a few points from the cloud and determines the parametric primitive that fits these initial
points. After generating numerous such candidates, it evaluates how many points from the com-
plete point cloud lie on or near the geometric surfaces defined by each primitive shape. It is worth
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noting that because the RANSAC algorithm searches for explicit parametric forms, it can detect
these primitives in a manner that is entirely scale- and rotation-invariant.

It should be mentioned that numerous variants of this method exist, which generally introduce
modifications to the random point selection strategy or the consensus evaluation phase. For in-
stance, in point cloud segmentation, it is often advantageous to replace purely uniform random
sampling with a locally random sampling strategy. This means that candidate primitives are con-
structed from random points that are relatively close to one another, under the assumption that
geometric structures are fundamentally local phenomena; thus, neighboring points have a higher
probability of belonging to the same object. Similarly, during the consensus evaluation phase, it
is practical to restrict the voting process to a local neighborhood for identical reasons. Generally
speaking, the sampling and evaluation strategies of the algorithm should always be tailored to the
specific task at hand.

Figure 5.22: RANSAC shape recognition on a point cloud. This model attempted to segment
planar and cylindrical geometries.

As previously mentioned, the RANSAC procedure can be used generally for parameter estimation
tasks, making it a robust alternative to the method of ordinary least squares (OLS). The immense
advantage of RANSAC is that it is largely insensitive to outlier data points. While least-squares
estimation handles Gaussian zero-mean random noise effectively, its estimation degrades completely
if the ratio of malicious outliers exceeds even a minor threshold (and breaks down entirely if it
approaches or exceeds 50%). Conversely, the primary disadvantage of RANSAC stems from its
non-deterministic, randomized behavior, meaning that finding the globally optimal solution is
never mathematically guaranteed. To increase the probability of success, the number of iterations
(candidates) must be expanded, which significantly increases computational latency. Consequently,
RANSAC is typically not considered a real-time algorithm.
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6 Binary Images

6.1 Introduction

We have already mentioned that there are several types of images. Among them, the most common
are single-channel grayscale images and three-channel color images. However, binary images, which
have only two states, are also frequently encountered. For example, in edge detection, pixels
corresponding to edges take on one value, while the rest are set to zero. Such binary images can
also result from various other operations, such as thresholding, color detection, or complex object
detection procedures.

In this subsection, we will examine binary images where one of the two states is ”1”, representing the
objects relevant to the application, while ”0” represents the irrelevant background. It is important
to note that, for display purposes, the two states of binary images are typically represented by
maximum white and minimum black colors. However, there is no universal convention for which
color represents the object and which represents the background. In this document, white will
consistently represent the object, but other sources may use the reverse.

6.2 Morphology

The first important family of algorithms belongs to binary morphology, or morphological operators.
These algorithms are primarily used for performing operations on binary images.

6.2.1 Erosion and Dilation

In practice, no matter how sophisticated the method used for object separation, it will not be
perfect. Thus, as with color and grayscale images, binary images also require improvement. Since
binary image errors are of a different nature, the methods used to correct them also differ signif-
icantly. Binary images generally exhibit two characteristic types of errors: one is the presence of
pixels that actually belong to the background but are labeled as objects, and the opposite is the
mislabeling of object pixels as background. The former error can cause false objects to appear in
the image, or objects that are separate in reality to be incorrectly merged. The latter can result
in holes within objects or mistakenly separate a continuous object.

Erosion and dilation operations can be used to address these two binary image issues. Both op-
erations require the definition of a structuring element. The structuring element is a window of
arbitrary shape that is applied to the image in each position similar to a convolution operation,
and some logical operation is performed with it. However, unlike convolution kernels, the values
of the structuring element can only be 707, ”1”, or occasionally undefined ("Don’t care”). Tradi-
tional logical operations can be defined between binary images or between a binary image and a
structuring element:

In the erosion operation, a pixel in the result image is set to ”1” if the structuring element perfectly
fits the input image at that position, meaning all corresponding pixel values match. In contrast,
in the dilation operation, the output is set to ”1” if the structuring element and the image match
in at least one position. When performing erosion with a structuring element consisting entirely
of 717s, the edges of objects are set to zero, thereby reducing the size of the objects. Conversely,
dilation will increase the size of objects.
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Figure 6.1: Logical operations between binary images. These operations are most commonly
performed on a per-pizel basis.
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Figure 6.2: The principle of erosion and dilation.

It is important to note that these operations can be performed with any structuring element,
allowing for various specialized filtering on the binary image. For example, a narrow, rectangular
structuring element can remove edge-like objects on the binary image that are perpendicular to the
longer side of the structuring element, while preserving edges parallel to the element. Similarly, a
specially shaped structuring element can filter out all objects whose shape does not match that of
the structuring element. This method can be used, for example, to highlight corners in a binary
image.

6.2.2 Opening and Closing

A major drawback of erosion and dilation operations is that they alter the size and shape of objects,
which means that measurements taken after these operations may not be accurate. For this reason,
in practice, these procedures are never used in isolation but rather in combination. The two most
commonly used operations are opening and closing. In the opening operation, we first perform a
predetermined number of erosions, which remove small, noise-like objects, and then perform the
same number of dilations, which restore the remaining objects to their original size. It is important
to note that the dilation used in opening is erosion-free, meaning that we only set a previously ”0”
pixel to ”1” if it does not change the number of independent components. Thus, opening can also
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Figure 6.3: Erosion and dilation can also be performed on grayscale images. In this case,
dilation behaves as a mazimum filter (center), and erosion behaves as a minimum

filter (right).

separate objects that are slightly merged.

30x dilation

Original

20x erosion

Figure 6.4: The initial (white) circular object undergoes significant changes in size and shape
after erosion/dilation with various square structuring elements.

The closing operation is the opposite of opening. First, a predetermined number of dilations are
performed to fill in holes within objects, and then the same number of erosions are performed
to restore the objects to their original size. Of course, these two operations can be performed
sequentially, thus correcting both types of image errors.

6.3 Topology

After improving the binary image, we have a relatively high-quality image of the relevant objects,
on which various measurements can be performed. The field of topology, which primarily deals
with the relationships between objects, provides significant assistance in this regard.

6.3.1 Neighborhood

Before proceeding, it is worth discussing the concept of pixel neighborhood. There are funda-
mentally two simple conventions to determine if two pixels are neighbors: 4-neighborhood and
8-neighborhood. In the 4-neighborhood convention, each pixel has four neighbors located to its
left, right, above, and below. In the 8-neighborhood convention, in addition to the four aforemen-
tioned neighbors, each pixel has four more neighbors located diagonally.
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Whichever neighborhood convention is used, it will violate the so-called Jordan property of the
image plane. The Jordan property states that a plane is divided into exactly two regions by a
connected, closed curve. This property is intuitive to humans, and it would be beneficial if it
held true in the image plane as well. However, as shown in the figures below, in the case of 4-
neighborhood, the white pixels are not neighbors with each other in the given configuration, yet
the black-background area is divided into two regions. In the middle figure, using 8-neighborhood,
the white pixels form a single connected, closed curve, while the background pixels remain in a
single connected region.

To maintain the Jordan property on the plane, we need to use 4-neighborhood for one of the object
and background regions and 8-neighborhood for the other. In the right-hand figure, 8-neighborhood
is used for the white foreground object, thus these pixels form a closed curve, while 4-neighborhood
is used for the background, so the central pixel will not be a neighbor to any black pixel, thus the
background is genuinely divided into two regions. In the figures, it is assumed that the background
extends to infinity beyond the window boundaries, so the black pixels in the corners always belong
to the same connected region.

Figure 6.5: Illustration of the Jordan property. In the left case with 4-neighborhood, we have 2
background and 4 foreground components. In the middle case with 8-neighborhood,
both the foreground and the background are conmected. In the right case, the
foreground uses 8-neighborhood and the background uses 4-neighborhood, resulting
in one connected foreground and two background regions.

It is also worth noting that, similar to neighborhood, we need to define a distance metric in image
space to perform measurements (especially length). We have several options: we can choose the
Manhattan distance, the Chebyshev distance, or the Euclidean distance. Although the latter is
computationally more demanding, the former two can lead to significant inaccuracies.

Figure 6.6: Metrics based on different neighborhoods and the Fuclidean distance.
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6.3.2 Skeletonization

After clarifying this, we can determine various properties of objects in the binary image. The first
of these is the object’s skeleton. The skeleton is essentially a representation where each 71”7 value
pixel has exactly 1 or 2 ”1” value neighbors, but topologically it is equivalent to the original object.
Alternatively, the skeleton can be imagined as the collection of origins of circles with maximum
diameter that can fit into the object.

Figure 6.7: The skeleton of a binary object.

The skeleton of an object is most commonly determined using an iterative erosion procedure known
as thinning. In this approach, boundary pixels are stripped away layer-by-layer in successive itera-
tions, but a pixel is only erased if its removal satisfies strict topological and geometric constraints.
Specifically, the algorithm must preserve essential points, which fall into two primary categories:
endpoints and connectivity-preserving points. Endpoints are pixels located at the absolute tip of a
stroke or branch; erasing them would cause the skeleton to shrink in length (medial erosion), effec-
tively deleting geometric information. Connectivity-preserving points are structural articulations
whose removal would break a single connected component into two separate pieces, destroying the
topology of the original object.

Alternatively, the skeleton can be computed in a non-iterative, global manner by finding the local
maxima or 'ridges’ of the distance transform (or distance map) of the binary object. In a distance
transform, each foreground pixel is assigned a value corresponding to its Euclidean or chessboard
distance to the nearest background pixel. If we visualize this distance map as a three-dimensional
topographic surface, the boundaries of the object form the base, and the center lines form steep
mountain ridges. The points along these ridges represent the medial axis of the shape because they
are equidistant to at least two distinct points on the object’s boundary—which perfectly mirrors
the definition of the centers of maximal inscribed circles. To extract the skeleton, a ridge-detection
algorithm isolates these local maxima. While this distance map approach is computationally
elegant and faster than iterative thinning for thick objects, it is highly sensitive to boundary noise;
a microscopic bump on the object’s edge can create a massive, unwanted branch on the distance
ridge, often requiring a subsequent pruning step to clean up the final skeleton.

6.3.3 Object Labeling and Counting

The first essential algorithm to perform on binary images is object counting and labeling. The
purpose of this procedure is to assign a unique label to each separated object and then determine
the number of objects from the highest label number upon completing the labeling. There are
fundamentally two common methods for labeling: recursive and sequential methods.

The recursive method is an extremely simple algorithm. Its steps are as follows:

1. Find the first unlabeled ”1” pixel and mark it with label L.
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2. Label all 71”7 value neighbors of this pixel with label L and invoke step 2 on all neighbors.
(a) If there are no more unlabeled ”1” value neighbors, the algorithm stops.
3. Jump to step 1 and increment L.
The steps of this method are very simple; however, for large, connected objects, recursion can go
very deep, which can cause problems especially with low-performance processing devices. In such

cases, it is advisable to use the more complex sequential method. This algorithm scans the image
pixels in sequence and assigns a new value to each pixel according to the following rules:

o If only the top or only the left neighbor of the pixel is labeled, then the current pixel receives
their label.

o If both the top and left neighbors have the same label, then the current pixel also receives
that label.

o If the top and left neighbors have different labels, then the pixel receives the label of the top
pixel, and we record the equality of the two label values in a separate storage.

o If the pixel has no labeled neighbors, a new label is introduced for it.

New mndex

Copy index

Copy index

211=211 (11 |1]|1

5]
98]
.
.
.
.
o]

Merge

New index

"Bl |n

Copy index

Figure 6.8: The principle of the sequential object labeling algorithm.

At the end of the sequential algorithm run, we need to pass through the image again to assign a
common label to the objects instead of the recorded labels for the same object. It is worth noting
that this algorithm can also be used for object counting. In this case, we always increase the count
when a new label would be assigned compared to the previous version and decrease it when labels
would be merged.

Application: A practical application of processing binary images is the automatic counting of
cash coins, which can speed up transactions involving such payment instruments. For this pur-
pose, it is advisable to create a special device where coins can be placed on a specific colored
surface, monitored by a camera connected to a computer at a known distance. Due to the specific
background, the image can be easily binarized with thresholding, marking the coins with ”1”. The
separation and hole-free status of the coins can be ensured through sequential opening and closing
operations. Subsequently, labeling is used to distinguish individual objects, from which the de-
nomination of the coin is inferred based on its area. Of course, the authenticity of the coins must
also be verified through pattern matching.
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Figure 6.9: The principle of the sequential object counting algorithm.

6.4 Object Properties

Once we have successfully separated the different binary objects, the next important step is to
determine various characteristics for each object, which will allow us to describe and identify
them. These characteristics often make use of the projections of the objects. A projection is a
compact representation where we count the number of ”1” pixels in each column/row along the
two axes of the image. It is worth noting that the original shape of the object can be reconstructed
from multiple projections, similar to how tomographic procedures in medicine work.

6.4.1 Position, Orientation

An extremely important descriptive quantity for individual objects is the moment, or in technical
terms, the momentum. There are several orders of moments, among which the zeroth-order and
the first-order moments are particularly useful for us. The zeroth-order moment is simply the sum
of pixel intensities. Since we are dealing with binary images here, the zeroth-order moment of an
object will give its area. The area and the centroid of the object can be determined using the
zeroth-order and first-order moments according to the following formula:
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Moments can also be used to determine the orientation of an object. Specifically, we need to find
the axis with the smallest moment, which can be clearly determined using second-order moments,
provided the object is not symmetric (the orientation of a symmetric object is not unique). The
orientation can be determined as follows:
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It is worth noting that there are several other metrics for object orientation, which are generally
simpler to compute. If the bounding rectangle of the object is known, its dimensions and propor-
tions can be used to characterize the orientation. Similarly, the direction of the largest distance
within the object or the largest distance from the centroid can also be determined.

6.4.2 Additional Metrics

Binary objects can have additional metrics. One of the first of these is the description of the object’s
shape. One method for this is chain-code based boundary representation. In chain-code usage, a
number is assigned to each direction [0-3] or [0-7], depending on the neighborhood convention.
Then, starting from a specific point, we traverse all the points on the object’s boundary, recording
the direction at each step. Returning to the starting point gives us a descriptor of the object’s
contour.
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Figure 6.10: Method of generating chain-code.

Chain-code can be used to determine the perimeter of the object; however, it must be noted that
(especially in the case of 4-neighborhood) the boundary traversal is zigzagged, which artificially
increases the perimeter length. Therefore, using the Euclidean distance of individual steps provides
a much more accurate estimate. It is worth noting that the previously discussed operations can
be used to produce a binary image where only the boundaries of the objects are marked with 71"
For this, erosion needs to be performed on the image, and by subtracting this eroded image from
the original, we obtain the so-called contour image.
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Figure 6.11: Contours of binary objects.

When the perimeter, area, and centroid of an object are available, many other shape descriptors
can be assigned to individual objects, which help in their identification and classification. One of
the simplest examples of such descriptors is the ratio of the object’s perimeter to its area.

Another common solution is the use of the contour rotation profile, which can be computed by
measuring the distance from the object’s centroid to the boundary in all directions starting from
a certain direction, and using this function as a descriptor of the object’s shape. The starting
point is usually chosen to be the direction with the maximum distance, so the same descriptor is
obtained even if the object is rotated. If the resulting descriptor function is normalized, we can
obtain a scale-invariant descriptor.

An extremely common descriptor is the Euler number, which is the difference between the number
of connected regions in an object and the number of holes within the object. This metric is very
useful in cases where the object’s shape may be subject to significant distortion, as most common
geometric distortions do not change this property, allowing objects with different Euler numbers
to be distinguished.

Figure 6.12: Calculation of the Euler number.
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7 Frequency Domain Processing

7.1 Introduction

When dealing with functions, it is almost self-evident to represent spatial and temporal functions
directly with these quantities. However, this is not the only way to represent functions. According
to the Fourier series decomposition theorem, every periodic function can be expressed as the sum
of sine and cosine functions of different frequencies, where each frequency has its own amplitude
(magnitude) and phase (shift). The amplitudes and phases associated with these sine-cosine pairs
of specific frequencies (which can be expressed as a complex number) are called the spectrum of
the signal, and representing the image with these values is referred to as the frequency domain
representation of the signal. The Fourier series can be written as follows:
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Figure 7.1: Generating a square wave using sine waves.

7.2 Fourier Transform

The lowest frequency term in the Fourier series—the fundamental harmonic—has a frequency equal
to the reciprocal of the signal’s period, and the frequencies of the other terms—the harmonics—
are integer multiples of this fundamental frequency. It is evident that if the period of the signal
approaches infinity (i.e., to an aperiodic function), the spectrum will become a continuous function.
This continuous complex function is called the Fourier transform of an arbitrary signal. The
Fourier transform can also be performed on sampled (discrete) signals, in which case the Fourier
transform will be a periodic function—meaning that beyond a certain frequency, it contains no
new information. This is because a sampled signal cannot change arbitrarily quickly.

In the field of computer vision, it is common to interpret a two-dimensional image as a function
of the two dimensions of the image plane. In this horizontal x and vertical y coordinate space,
the image can be described as a sum of point-like impulses located at discrete points, where the
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magnitude of each impulse is given by the pixel values. Fortunately, the previously introduced
Fourier transform can be extended to any (in our case, 2) number of dimensions as follows:

Mm

w-1
F(u,v) = Z
=0 y

—1
I(x,y) « e i tov (7.2)
0

where I(x,y) is the pixel value at the y-th row and x-th column, u and v are the horizontal and
vertical frequency components, and H and W are the height and width of the image.
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Figure 7.2: Amplitude and phase spectra obtained from the discrete Fourier transform.

Since images are two-dimensional signals, the periodic signals that make up the image also have
directions, not just frequencies and phases (which is why the Fourier transform is two-dimensional).
Thus, the displayed amplitude spectrum allows us to determine not only the dominant frequencies
in the image but also their directions.

Earlier, we explained that an important property of the Fourier transform is that the spectrum
of periodic signals will be discrete, while the spectrum of discrete signals will be periodic. This is
fortunate for us because the image is also a discrete signal, so its spectrum will be periodic. This
means that it is sufficient to store just one (finite-sized) period of the spectrum, allowing us to
convert the image to the frequency domain and then back without losing information. However,
due to the physical limitations of computers, the image spectrum can only be stored as a discrete
function, sampled, so all our frequency domain operations will assume that the image repeats
periodically beyond its edges. This behavior changes how some otherwise equivalent algorithms
work depending on whether they are applied in the image or frequency domain.

7.2.1 Phase Distortion

It is important to note that when discussing signals in the frequency domain, we usually talk
less about the phase characteristic compared to the amplitude spectrum, as the latter has a more
tangible physical interpretation. However, this does not mean that the phase characteristic is less
important. Phase errors or distortions can cause significant deviations in the signal shape, even if
the amplitude spectrum remains the same. This is because different harmonics can add up if they
have the same phase, leading to large peaks in the signal shape.

This phenomenon can be observed well in the following image: If the harmonics of a square wave
are summed with a 90-degree phase difference, we obtain a good approximation of the square wave,
whereas with zero phase shift, we get an entirely different signal. In real images, this can easily
lead to pixel value overflow, resulting in information loss.
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Figure 7.3: The effect of phase distortion on a square wave (top) and a real image (bottom).

7.2.2 Fast Fourier Transform

The image spectrum is usually determined using the Fast Fourier Transform (FFT) algorithm. The
essence of the FFT algorithm is that it recursively divides the 1D function with N elements into
segments of length %, placing the even elements in one segment and the odd elements in another.
Once there are only 2 elements in a segment, it performs the so-called butterfly operation on them.

Yo = T + z1w” y1 = 2o — 210" (7.3)

Then, in the process of recursion, the butterfly operation is repeatedly performed on increasingly
longer data sequences (powers of 2), resulting in the FFT values for N points. The algorithm
thus achieves that the Fourier transform is computed in N log(N) steps instead of N? by reusing
intermediate results computed during the butterfly operations. It is worth noting that, similar to
the DFT, the FFT can be easily extended to 2 dimensions, which involves performing the transform
separately in each direction.

7.3 Filters

In the previous sections, we discussed the concept of representation in the frequency domain, but
we didn’t provide a strong justification for why this is worthwhile. As we will see in the remainder
of the lecture, one of the primary applications of frequency domain image processing is the efficient
implementation of various filtering techniques.
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Figure 7.4: The butterfly operation (left) and the FFT applied to 8 data points (right).

7.3.1 Ideal Filters

It is easy to understand that if an image can be represented as the sum of sinusoidal and co-
sine functions of different frequencies, the lower-frequency functions contain the slower, smoother
characteristics of the image, while the higher-frequency components describe the sharp, sudden
changes. This relationship can be exploited for several purposes: image noise is typically inde-
pendent from pixel to pixel, causing sudden changes—so if we suppress these using a low-pass
filter in the image spectrum, we can perform noise reduction. Similarly, edges in an image are
sudden, sharp changes in intensity, so if we preserve only the high-frequency components using a
high-pass filter, we can perform edge detection. If we enhance the high-frequency components of
the image spectrum without completely removing the low-frequency components, this corresponds
to the sharpening operation.
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Figure 7.5: Different filtering methods in the frequency domain.

It is important to note that the two-dimensional Fourier transform of an image is also a two-
dimensional array, which can be represented as an image. Since each frequency component has two
values—an amplitude and a phase—usually, only the amplitude is visualized, as it contains more
easily interpretable information for humans. In this representation, the origin corresponds to the
zero frequency or constant component, and moving towards the edges of the image represents higher
and higher frequencies. It is important to note that the resulting image is centrally symmetric.

From the images above, we can easily observe a fundamental drawback of applying an ideal low-
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Figure 7.6: Filters and spectra: original image and its spectrum (left), low-pass filtered image
and spectrum (middle), high-pass filtered image and spectrum (right).

pass filter. Although this is one of the easiest filter types to implement for images (unlike in control
systems, where the concept of causality cannot be interpreted due to the absence of a time dimen-
sion), the resulting image may show wavy, ring-like artifacts. If we recall the square wave example
presented at the beginning of the lecture, the reason becomes apparent: by completely eliminating
the high-frequency harmonics, we obtain a waveform resembling a square wave composed of only
a few sine waves.

To address this problem, more complex filters with smoother spectra are typically used. Examples
of this include the trapezoidal filter and its smoother version, the Butterworth filter.
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Figure 7.7: The amplitude spectrum of a Butterworth filter at different orders.

7.3.2 Convolutional Filters

A crucial relationship between the Fourier domain and the spatial domain is that convolution in the
spatial domain simplifies to a pixel-wise multiplication in the frequency domain. This means that
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various convolutional filters can be implemented much more efficiently in the frequency domain.
This is particularly advantageous if we wish to apply multiple filters to an image because we only
need to perform the Fourier transform and its inverse once, and the computational cost of the
inexpensive filtering operations pays off.

Figure 7.8: The spectra of different convolutional filters.

Earlier, we mentioned periodic noise, which typically arises from some form of electromagnetic
interference in the image. Such noise cannot be filtered out using smoothing filters. However, in
the frequency domain, we can easily locate and suppress the frequency responsible for the noise,
and it’s sufficient to suppress only the appropriate directional component.

Figure 7.9: Periodic noise filtering in the frequency domain.

Application: Another potential use case is the verification of the orientation of certain documents,
especially printed texts. In an image of printed text, the alternating darker lines and lighter spaces
between lines will create a dominant frequency that is clearly observable in the image spectrum. By
analyzing the direction of this frequency component, we can verify if the text appears horizontally in
the image, which greatly enhances the accuracy of optical character recognition (OCR) algorithms.

97/168 FREQUENCY DOMAIN PROCESSING



Computer Vision Systems

7.4 Cosine Transform

It is important to mention a procedure similar to the Discrete Fourier Transform (DFT) called the
Discrete Cosine Transform (DCT). In DCT, we also treat the image as a periodic signal, but we
assume that the signal repeats by reflecting at the image edges, and we transform this reflected
signal. As a result, our original signal becomes symmetric, and the resulting frequency spectrum
will consist of only real values.
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Figure 7.10: The difference between DFT and DCT.

This property has several advantages: storing real values requires half the memory, resulting in a
significantly more compact representation. Another advantage is that no false discontinuities are
introduced into the signal due to the reflective repetition. In the case of DF'T, these discontinuities
would appear as high-frequency components, but with DCT, they do not. Another advantage of
this procedure is that the definition of the DCT involves a much simpler formula:

—-1H

D(u,v) = WZ Z_lf(x,y) * COS [%(w + %)u} cos [%(y + %)v] (7.4)
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7.4.1 FCT

It is worth noting that the FFT operation can be used to compute the cosine transform by sim-
ply constructing the symmetric image function through reflection and then performing the FFT
algorithm on it. Afterward, by taking the real part of the transformation, we obtain the cosine-
transformed values. It is worth mentioning that there are specialized algorithms for DCT that
avoid performing the unnecessary operations resulting from the symmetry.

7.4.2 JPEG

It is worth mentioning that one of the most successful image compression formats, JPEG, uses the
DCT algorithm, specifically its Type II variant, to compress images. JPEG is a lossy compression
method that often achieves a compression ratio of 1:10 for real images while making the loss of
information almost imperceptible to the human eye. This exploits a basic characteristic of human
vision: we are less sensitive to sudden intensity changes.
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Furthermore, human sensitivity to sudden changes differs between color and intensity perception.
Since the cone cells that detect colored light are much more sparsely distributed on the retina than
the rods, color vision has an even lower resolution. Therefore, it is more efficient to store the color
information at a lower resolution than the brightness/luminance component. However, in conven-
tional RGB images, this component cannot be separated. To address this, JPEG compression uses
the YCbCr color space, halving the resolution of the Cb and Cr color components in one or, most
commonly, both directions.

After this, the JPEG algorithm divides the image into 8x8 blocks (in the case of reduced resolution
for color channels, these are 16x16 blocks), subtracts the average of the pixels in each block, and
then performs the discrete cosine transform separately on each block, generating their frequency
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Figure 7.11: The principle of JPEG compression.
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Afterward, the resulting floating-point numbers are divided by a predetermined constant for each
element of the 8x8 cosine-transformed block (these constants are based on the characteristics of the
human eye, exploiting the fact that contrast sensitivity deteriorates with increasing frequency, thus
saving significant space for high-frequency coefficients), and then rounded to the nearest integer,
where only 8 bits are needed for each element. However, due to quantization, many higher-
frequency elements will be set to zero, meaning they no longer need to be stored. To maximize
this, we index through the transformed elements diagonally, always leaving the highest frequencies
for last. As a result, it is often sufficient to store only the first few values of the transform.

It is worth noting that because of the omission of high-frequency components, JPEG compression
tends to blur the edges to some extent, and, similar to the ideal low-pass filtering, various ring-like
artifacts (artifacts) may appear around the edges. Although these are rarely visible to the naked
eye, an edge detection algorithm may easily detect false edges in such image regions. Generally,
for artificial images (geometric figures, printed text), it is more appropriate to use PNG, EPS, or
similar compression formats.

7.5 Applications

Beyond filtering and compression, frequency domain representation has many other applications.
One such example is the conversion of various mosaic or halftone images into real images. In such
cases, the repeating patterns from the mosaic elements are typically very distinct in the frequency
domain, making them easy to filter.

7.5.1 Shape Recognition

Fourier transformation also provides the possibility of recognizing certain simple shapes. A good
example of this is the problem of Optical Character Recognition (OCR). Printed characters tend
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Figure 7.12: The effect of JPEG compression on edges.

to have well-defined shapes, which result in unique and regular spectra. This can easily be used
for recognizing characters.

Figure 7.13: The spectra of different printed characters.

7.5.2 Deconvolution

It is important to note that frequency domain representation allows for the simple inversion of
the convolution operation, called deconvolution. In deconvolution, the image spectrum is not
multiplied but divided by the filter’s spectrum. This method can, for example, compensate for
the blurring effect caused by a poorly adjusted focus. A more advanced form of deconvolution
is Wiener deconvolution, which, in addition to deconvolution, also performs frequency-dependent
filtering, thereby suppressing any possible noise that may arise.
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Figure 7.14: The principle and result of deconvolution.
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Part 11

Learning Vision
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8 Neural Networks

In the previous section, we introduced the steps of traditional vision systems, and in the final phase,
we gave a brief insight into the methods of machine learning. Modern vision systems based on
artificial intelligence differ from traditional methods not in that they use machine learning (since
most traditional methods also employ it in the final step), but rather in that learning-based vision
systems are almost entirely composed of learning elements, implementing so-called end-to-end
learning.

In the following chapters, we will discuss the theory behind these methods, starting with the
learning models used in neural network systems. After that, we will explore the cost functions and
the optimization methods used for them. Subsequent chapters will cover convolutional architectures
developed for processing image information, followed by practical insights into training neural
networks. Finally, we will discuss solving higher-level tasks such as segmentation, detection, and
dynamics.

8.1 Machine Learning

The fundamental goal of the field of computer vision is to extract high-level information from
images. However, as discussed in the introductory lecture, certain problems can make this quite
challenging. This naturally raises the question of whether we can somehow integrate the capabilities
of human intelligence into computer vision methods, thereby enabling problem-solving. The field
of artificial intelligence is vast, and numerous algorithms are available. A significant portion of
these algorithms are exact algorithms, meaning they can be expressed as a series of clearly defined
instructions and logical conditions. These algorithms essentially exploit the intelligence of their
creators to achieve intelligent behavior. Due to the lack of understanding of how human vision
works, these algorithms would not help solve the aforementioned problems.

However, there is another class of artificial intelligence methods known as learning algorithms.
Learning methods provide a general, parameterized model for solving a problem, and during the
learning process, a training dataset is used to adjust these parameters in such a way that the initial
general model becomes specialized for solving the given problem. A significant advantage of these
algorithms is that they allow us to solve problems whose solutions we do not fully understand, as
long as we can generate a suitable dataset for training the algorithm.

A key drawback of machine learning methods, however, is that the resulting model is typically a
black box, meaning that examining the model does not necessarily bring us closer to understanding
the solution to the problem. This black box nature makes it extremely difficult to understand the
reasons for any potential errors or misclassifications, and how to avoid them in the future. It is also
important to note that machine learning methods usually determine the parameters during training
using statistical methods or numerical optimization, meaning their correct operation cannot be
guaranteed. Despite these disadvantages, in the field of computer vision, and sensing in general,
these methods significantly outperform traditional algorithms.

8.2 Structure of Learning Algorithms

In machine learning, a learning algorithm’s input is uniformly denoted by x, the output by y, and
the parameters by . Using these notations, the model of a learning algorithm can be expressed
as a parameterized function:
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§=f(z,9) (8.1)

Every learning algorithm has an associated cost function (often called an error or loss function),
which assigns an error value to the output of the learning algorithm, allowing us to evaluate the
algorithm’s performance. In addition, every learning algorithm includes one or more optimization
methods, which are used to minimize the error function by adjusting the parameters. Most learning
algorithms also have hyperparameters, which influence the quality of the solution but cannot
be determined through the optimization method. These typically include characteristics of the
optimization method or the structure of the model itself.

8.2.1 Types of Learning

Machine learning methods can be categorized in many ways, one of the most important being
based on the algorithm’s output. In regression, the output of the learning system is a continuous
number. If the algorithm’s output is a binary variable or an integer from a finite set, then we
speak of classification. The basic case of classification is binary classification, as a multi-class
classification system can be constructed from a composition of multiple binary classifiers. This
can be visualized as having a binary classifier for each class, which can distinguish the given class
from all others, and the final class is determined by the confidence of each classifier. Another
approach could be a system where each classifier can decide between two classes, and the final
class is determined using a scoring method similar to sports tournaments.

Another important categorization principle is the nature of the training data used for learning. The
simplest form of machine learning is supervised learning. In this case, the training data consists
of input-output pairs, meaning that for every input, we know the correct output, and we expect
the learning algorithm to correctly predict these outputs with as high an accuracy or precision as
possible. It may happen that the expected output is only available for part of the training dataset;
in this case, we speak of semi-supervised learning.

However, supervised learning has significant limitations. First, the creation of labeled training
datasets is a time-consuming and expensive task. Secondly, the quality of the labeling fundamen-
tally limits the quality of the learning algorithm. Lastly, just as exact algorithms can only be used
when we consciously understand the solution to a problem, supervised learning algorithms can
only be used when we ourselves can solve the given task. This implies that a supervised learning
algorithm will never be able to solve tasks that we ourselves cannot.

There is, however, unsupervised learning, where the training dataset consists solely of input values,
and the expected output is completely unknown. Such datasets are relatively cheap to generate
since, in most cases, the acquisition of new data can be automated. In these cases, we expect
the learning algorithm to find some internal structure in the dataset and, thereby, compactly
describe it. The goal of these algorithms is to explain the data seen at the input using a compact
model and map out its internal structure. Good examples of such algorithms are the clustering
methods (k-Means, MoG) introduced in the earlier section, which can essentially be considered
the unsupervised versions of classification. The Principal Component Analysis method, discussed
later, can also be interpreted as the unsupervised version of linear regression.

The third main type of machine learning is reinforcement learning, which differs from the other
two types in two important ways. First, in reinforcement learning, the algorithm must almost
always make a series of interconnected decisions, but feedback on the correctness of the decision
sequence is typically not provided after every decision. Secondly, during the feedback process, the
algorithm only receives an evaluation of the quality of the decisions; it does not learn what the
correct decision would have been. Typical examples of reinforcement learning tasks include various
games (e.g., chess, Go, video games) as well as various vehicle control tasks.
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8.2.2 Difficulties

At first glance, machine learning might seem like a kind of magical method that can easily solve all
the world’s problems. In practice, however, these methods have plenty of limitations and pitfalls,
into which one can easily fall. To avoid these pitfalls, it is always important to remember that
these algorithms work based on training data, which means they can only interpret that part of
the world covered by the training data. This means that the training data we use must cover all
possibilities, as we cannot predict how the algorithm will behave in cases it has never encountered
before.

It is also worth noting that, for example, learning vision systems typically cannot learn relationships
that require the ability to move or other senses. This might seem trivial when stated this way,
but just think of the concept of a chair: ”"an object you can sit on.” I can use this definition to
recognize a chair because, visually, we can generally determine whether something is sit-on-able.
However, an algorithm that cannot move and only receives disconnected images will never develop
the concept of sitting.

Another common pitfall of machine learning is the issue of the learning procedure’s complexity. A
fundamental human intuition is that if the learning algorithm is not accurate enough, making it
more complex ("smarter”) will improve performance. There are several ways to increase a model’s
complexity: increasing the number of input variables and parameters are two obvious methods.
Furthermore, the hyperparameters of the learning method generally influence complexity as well.
However, increasing the model’s complexity is a double-edged sword: whether it helps or hurts
depends on the situation.

There are cases when the algorithm is not complex enough to solve the given task. In this case,
we observe that the error on the training dataset is quite large, and if we then test the algorithm
on new data it has not seen during training, we obtain similarly large errors. This phenomenon is
called underfitting. In this case, by increasing the complexity, both the training and testing errors
decrease. After a while, however, we observe that while the training error continues to decrease, the
testing error first stagnates and then starts to increase with further complexity. This phenomenon
is called overfitting.

The cause of overfitting is that the training dataset is not entirely perfect. On the one hand, it is
finite, meaning the algorithm’s task is to learn how to generalize using the dataset. On the other
hand, both the inputs and the outputs are subject to noise, so the training error will not be zero,
even in the case of perfect generalization. This means that, after a certain point, the algorithm
can only continue to reduce the training error by starting to memorize the correct answer for
each individual training data point. As a result, instead of solving the problem in general, the
algorithm increasingly resembles an associative memory. This means that for inputs not present in
the training dataset, it gives worse and worse answers. Moreover, the more complex the algorithm,
the easier it is for it to memorize a large dataset.

Figure 8.1: Querfitting in the case of one dimension. It can be seen that the blue model learns
the noise in the training dataset, so it performs poorly on the test data (green,).
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8.3 The Perceptron Model

The fundamental element of deep learning systems is a linear classifier algorithm, which goes by
various names. It is often referred to as a perceptron or neuron, and despite its classification
nature, it is also known as logistic regression. The essence of the algorithm’s operation is that it
arranges the pixels of the image into a single vector, then multiplies this vector by a weight matrix,
thereby producing an output vector with as many elements as there are classes to choose from.
Each element of this vector can be interpreted as the "goodness” value of one class; the larger the
value, the more the image belongs to that class. Formally, the perceptron model can be described
as follows:

s=Wz (8.2)

where x is the input, s is the class goodness, and W is the matrix of parameters or weights (this
notation will be consistently used throughout the present chapter). This method of classification
can be imagined as the i-th row of the W matrix specifying a direction in pixel space where the
goodness of the i-th class increases. Based on this, the decision boundaries between the classes
consist of straight segments (in the binary case, a single line/hyperplane).

car classifier

deer classifier

Figure 8.2: In linear classification, the goodness values for each class grow linearly in one
direction of the space, while they remain constant in others. The direction of the
increase is determined by the row vector of the weight matriz corresponding to the
given class.

8.3.1 Multi-layer Perceptron

To overcome the rigid limitations of linear classification, multiple perceptrons can be chained
together in a hierarchical network structure known as a Multi-Layer Perceptron (MLP). In its
most basic configuration, an MLP consists of an input layer, an intermediate layer—referred to as
a hidden layer because its activations are not directly exposed to the outside environment—and
an output layer. Formally, this architecture inserts a second weight matrix into the pipeline (y =
Wao (Wiz)), passing the output of the first linear transformation through a nonlinear activation
function, such as the sigmoid function, before computing the final class scores. The introduction
of this nonlinear activation layer is absolutely critical; without it, the nesting of multiple linear
operations would simply collapse mathematically into a single, combined linear transformation
(Wa(Whz) = Weompinea®), rendering the deep network no more capable than the original, basic
perceptron. The formula of the sigmoid is as follows:

o(x) = (8.3)
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By embedding these nonlinearities, the MLP transforms from a simple hyperplane splitter into a
universal approximator. This theoretical capacity states that a network with even a single hidden
layer can approximate any continuous function to arbitrary precision, given a sufficient number
of neurons. The underlying intuition can be easily visualized through the geometric properties
of the sigmoid activation: a single neuron with a sigmoid function creates a continuous, smooth
step-like transition. By scaling, shifting, and combining pairs of these sigmoids within the hidden
layer, the network can construct freely adjustable ’stair steps’ or localized bumps. The second
layer performs a weighted sum of these steps, so the MLP can piece together thousands of these
tiny steps, molding its decision boundaries into incredibly complex, highly curved surfaces that
can encapsulate virtually any arbitrary data distribution in pixel space. In a single sentence: The
MLP approximates functions using thousands of tiny smooth steps.
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Figure 8.3: The Architecture of the MLP (top) and the sigmoid function ()bottom)

8.4 The Method of Training

After defining the model of the Perceptron algorithm and analyzing its operation, it is time to
discuss the determination of the elements of the weight matrix W, which are necessary for the
correct functioning of the model. The fundamental question of the method is how to determine
the weight values so that the classification is as accurate as possible, and what cost function can
be used to effectively measure the algorithm’s performance.

8.4.1 Loss Functions

At first glance, it may seem practical to measure the quality of the classification by the proportion of
correctly identified training data. However, this approach cannot distinguish between models with
the same accuracy but different levels of uncertainty. Therefore, we will define entirely new cost
functions between the model’s output and the prescribed output for the given training data, whose
average over the entire training set will provide the overall error measure. One might consider
using the squared error between the expected and predicted output, which is the most commonly
used loss function in regression problems. However, approximating output values numerically is
not necessarily practical in classification, and while the squared error can be used, better loss
functions can often be constructed for these cases.

One frequently used loss is the so-called Hinge or SVM loss function. The principle of this loss
function is that we define a margin A, and if the score of the correct class is at least this value
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larger than all other scores, the error is 0. Otherwise, the error increases linearly. This loss function
can be understood as a criterion for ensuring ”safe” separation. The SVM loss is formally given
by:

L1 = Z maX(O, Sj — Scorr T A) (84)
J#Yi

where s; is the score of the j-th class, and s.o is the score of the correct class.
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Figure 8.4: Hinge loss visualized.

There is another loss function commonly used in practice that approaches the problem from a
probabilistic standpoint rather than a geometric one. This cost function utilizes the concept of
entropy. The idea of entropy is based on the fact that when we want to encode events that occur
with different probabilities, it is not efficient to allocate the same number of bits to each event.
Instead, more bits should be used for unlikely events and fewer bits for likely ones, minimizing the
total number of bits used for all events. The number of bits required to encode an event occurring
with probability p is proportional to the reciprocal of the logarithm of p. Using this, entropy gives
the expected number of bits used for all events:

H(p) = = _pilogp; (8.5)

However, if we do not know the true probability distribution p and instead use an approximation
q, the resulting value will be larger than optimal. This increase is measured by cross-entropy. The
closer ¢ approximates p, the smaller the cross-entropy. The difference between the two types of
entropy is known as the KL divergence, a strictly non-negative function often used to measure the
similarity of probability distributions.

H(p.q) = = _piloga; (8.6)

Cross-entropy can be used as a classification loss function in the following way: first, we convert the
model’s output scores into probability-like values using a normalization function called SoftMax.
This function transforms each value into the [0, 1] range, such that the sum of the values is exactly
one. The SoftMax function is written as:

Sk

&
ar,i = q(yrlz;) = S e (8.7)
J

From here, we define the loss function as the cross-entropy between the expected distribution of
labels and the estimated distribution ¢. Since cross-entropy is minimized when the two distributions
match, minimizing this function drives the estimated probabilities toward the prescribed values.
The expected label distribution is constructed by assigning a probability of 1 to the correct class
and 0 to all others. Thus, the cross-entropy loss simplifies to:

Li=H(pi,qi) = — Y _ prilogqr.
- (8.8)

L; =— log Qtrue,i
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where py; and gi,; are the prescribed and estimated probabilities of the k-th class for the i-th
training data, and gcorr; is the estimated probability of the correct class. One advantage of the
cross-entropy cost function is that it works with probability-like values rather than hard-to-interpret
”goodness” values, making the model output more user-friendly. Its downside compared to SVM
loss is that the cost is never zero, meaning that SVM loss is more "efficient”: it is satisfied with
safe separation and allows the model to use the remaining resources for correctly classifying other
training data. In practice, however, the difference between the two cost functions is negligible.

8.4.2 Regularization

Both loss functions, however, have a fundamental problem. It is easy to see that in both cases, if
we simply multiply the current weight matrix of the model by a large number, the value of the loss
functions will decrease, while the classification accuracy will remain unchanged since every output
score will simply be multiplied by the same constant. Consequently, the norm of the weight matrix
will increase indefinitely, leading to numerical issues and an overly confident model.

Therefore, these loss functions are typically used together with a regularization penalty term,
which controls the norm of the weight matrix. A common solution is to use the L1 or L2 norm of
the matrix as a penalty term. Additionally, there is an elastic regularization method that uses a
weighted average of the two types of norms. The final loss function is given by:
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where L; is the loss for the i-th training data, N is the number of training data points, R is the
regularization term, and A is a hyperparameter that controls the relative weight of the regulariza-
tion. It is worth noting that in the case of multilayer networks, which will be discussed in the next
section, an increase in the norm of the weight matrix can cause overfitting, making regularization
a necessary measure to avoid this.

8.5 Optimization

One of the biggest unresolved questions from the previous lecture is how to minimize the error
function of the perceptron model that we mentioned earlier. Therefore, our first topic will be dis-
cussing optimization methods used for minimizing error functions. There is no closed-form solution
for finding the optimal weights of the perceptron, so iterative optimization will be necessary.

8.5.1 Gradient-Based Optimization

Fortunately, both the model and the cost function are differentiable, allowing us to use gradient-
based methods. If we compute the derivative of the error function with respect to the weights (i.e.,
the gradient of the weights), we obtain information on how the weights should change in order to
make the error function increase as rapidly as possible. However, by adjusting the weights in the
opposite direction of the gradient, we move in the direction of the steepest descent. By repeating
this step, akin to “climbing in reverse,” we will eventually reach a local minimum.
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It is important to note that since we aim to minimize the total error, we must evaluate the error
across the entire training dataset at each step. Given that the gradient method only converges
after many steps, this is not practical. Therefore, we divide the training dataset into equal-sized,
randomly selected subsets (minibatches), and take a step after processing each minibatch. This
method is called Stochastic Gradient Descent (SGD). Minibatch sizes are usually powers of two
for implementation reasons. Of course, the gradient calculated from a single minibatch will not
exactly match the one calculated for the entire dataset, but it will be close enough to guide the
method in the right direction. Since executing a single step becomes much cheaper this way, we
achieve a significant overall speedup. The gradient method is described by the following formula:

ol E|I”

i (8.10)
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Where « is the learning rate, a hyperparameter that significantly affects the speed and quality of
training. We will discuss how to choose this parameter correctly in a later chapter.

It is also important to note that one of the downsides of the gradient method is that it can easily
get stuck in local minima. To address this, we replace the idea of a "reverse climber” with that
of a rock rolling downhill. In other words, we add a form of inertia or momentum to the gradient
method. In practice, this means that the step taken at any given time is a weighted average of
the negative gradient direction and the step taken in the previous time step. This weight typically
falls within the range of [0.1-0.9], depending on the application.

Momentum Nesterov Momentum

— Gradient

—— Previous step
— Step

Figure 8.5: The momentum method (left) and Nesterov momentum (right). The latter moves
first in the momentum direction, then calculates the gradient there, resulting in
slightly more stable performance.

One of the drawbacks of the stochastic gradient method is that it treats all directions in the
multidimensional parameter space as equivalent. However, it might be the case that the cost
function is quite steep in one direction, requiring cautious movement to avoid overshooting the
minimum with a large step. Meanwhile, the cost function might be flat in another direction, and
the optimum could be far away. While the first issue would necessitate reducing the step size, the
second would call for increasing it, which is impossible to do simultaneously.

The AdaGrad and RMSProp methods provide solutions to this problem. Both methods track the
magnitude of the gradients in different directions and scale the step size inversely to these magni-
tudes, thus allowing different step sizes for different directions. Among the various optimization
algorithms, one of the most popular is the Adam algorithm, which combines the momentum and
gradient scaling methods.

8.6 Backpropagation

As previously mentioned, the capabilities of simple linear models are quite limited, and as a result,
they are rarely used for image inputs. However, their introduction was necessary because these
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simple linear models can be easily integrated into complex nonlinear learning procedures. If we
connect the neuron models described in the previous subsection one after the other, we obtain a
multilayer, feedforward neural network. Each layer of a neural network has an unknown weight
matrix, which can be determined using the previously discussed cost functions and optimization
methods.

The only questionable step is the calculation of the derivative of the error function with respect
to the weights. A neural network can be envisioned as a computational graph, where each node
in the graph implements simple, analytically differentiable functions. If we know the inputs in a
computational graph and the functions implemented by each node, we can calculate the output of
each node. This is called the forward propagation operation. It is important to note that if we
know the functions of the nodes and the derivative of the quantity we are interested in (in this
case, the error function) with respect to the node’s output, then, using the chain rule, we can easily
derive the derivatives with respect to the node’s inputs and weights.

X Local gradient
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Figure 8.6: [llustration of the chain rule.

Let L be the error function, f and x the output and input of a given layer, and W the parameters
of the layer. With this method, by moving backward through the network, we can determine the
gradients of all inputs and weights. This operation is called backpropagation. The only question is
how to obtain the derivative of the error function with respect to the output of the last node in the
computational graph. Notice that the last operation to be performed during forward propagation
is the calculation of the error function, meaning that the output of the graph’s final node is the
error function itself. The derivative of a quantity with respect to itself is trivially 1. Therefore,
everything is in place to compute the gradients of the network.
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Figure 8.7: Ezecution of backpropagation on an example graph. Activations are shown in green,
derivatives in red.

It is worth noting that the elements of the neural network do not necessarily have to be the
perceptron functions we introduced earlier. In practice, neural networks consist of many different
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types of layers, all of which share the property of implementing differentiable functions. We can
even create new types of layers as long as we implement the functions responsible for performing
the forward and backward propagation sub-tasks.

Xk > Xk+1
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Figure 8.8: A general interface provided by a layer, containing components necessary for both
training and prediction.

112/168 NEURAL NETWORKS



Computer Vision Systems

9 Convolutional Neural Networks

9.1 Introduction

In the previous lecture, we became familiar with the basics of machine learning, particularly the
method of linear classification. However, we also acknowledged that these algorithms are not com-
plex enough to perform image classification with high quality. Fortunately, these simple classifiers
can still be used as building blocks for a larger artificial intelligence model. The topic of today’s
lecture will be deep neural networks built from simple linear models.

9.2 Convolutional Neural Networks

While the linear neuron model introduced earlier does appear in networks used in computer vision,
the majority of such networks are not composed mainly of these layers. This is because the linear
(also known as fully connected) layer establishes a connection between every input and output,
resulting in a large number of parameters, which promotes overfitting and makes the network more
difficult to store. Additionally, it does not exploit the spatial structure of images.

9.2.1 Convolutional Layer

The convolutional layer provides a solution to these problems, operating on principles similar to the
classical spatial filters discussed in the first volume, but with a critical architectural shift regarding
input and output channels. Unlike a standard image processing filter that treats each channel
independently, a deep learning convolutional layer processes input data as a three-dimensional
tensor with dimensions Height x Width x Input Channels (where the initial layer typically has
1 to 3 channels, such as RGB). Crucially, a single filter in a convolutional layer is not flat—
it possesses a depth that exactly matches the number of input channels. During the convolution
operation, the filter slides spatially across the input, computing a 3D dot product across all channels
simultaneously and summing the result into a single scalar value per spatial position. Consequently,
one 3D convolutional filter compresses all input channels down into a single, two-dimensional output
channel (often called a feature map).

To extract multiple distinct features from the same input tensor, a convolutional layer runs N
different, independent 3D convolutional filters over the data. Fach distinct filter produces its own
2D feature map, and these maps are stacked together along the depth dimension to form an N-
channel output tensor. Subsequent convolutional layers in the network then repeat this process,
receiving an N-channel tensor as their input and using filters of depth N to generate a new tensor
with a potentially different number of output channels. The spatial dimensions of the filters (such
as 3 x 3 or 5 x 5) and the number of output channels are core hyperparameters that define the
capacity of the network. In practice, to prevent the spatial boundaries of the tensor from shrinking
with each successive layer, we often pad the outer edges of the input with zeros prior to convolution,
thereby preserving the original height and width.

Convolutional layers feature two additional parameters that govern their spatial behavior: stride
and dilation. In the case of stride 1, the filter moves sequentially over every spatial pixel. With
a stride of 2, the filter skips every second pixel as it shifts, effectively downsampling the output
tensor’s height and width by half—a setting widely used as an alternative to pooling layers for
reducing spatial dimensions. Dilation defines the internal spacing between the individual weights
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Figure 9.1: Ezxecution of convolution on an image array with multiple filters (top), and the
equivalent convolutional layer (bottom,).

of the filter matrix during multiplication. For a dilation of 1, the filter elements are contiguous,
behaving normally. With higher dilation values, the filter ’stretches’ by inserting spaces between
its active weights, allowing it to span a larger spatial window without adding extra trainable
parameters. This setting is highly effective for rapidly increasing the receptive field of the layer,
allowing deeper filters to capture broader context from the scene.

9.2.2 Pooling

It is important to note that if we stack more and more convolutional layers with increasing depth,
the size of the activation array at the output of the layers will eventually become enormous.
Therefore, it is useful to reduce the spatial dimensions of the activation array every few layers.
Besides using a convolutional layer with a stride greater than one, this can also be achieved with the
so-called pooling operation. Pooling is another sliding-window operation that replaces the covered
part of the activation array with a single value. The two most common cases are when this value
is either the average or the maximum of the covered values. Another advantage of pooling that it
increases the field of view of the convolutional layers following after it (3 x 3 at half resolution is
6 x 6 on the original image).

9.2.3 Activations

The final essential layer of multilayer neural networks is the activation layer, which typically
follows every convolutional and linear layer. These two layers perform linear operations, and their
composition remains linear. Therefore, nonlinear functions are inserted between the layers, which
run independently on each element of the activation array. In traditional neural networks, the
sigmoid and hyperbolic tangent functions were popular choices. However, these functions have the
common drawback that over most of their domain, their shapes are flat, meaning their derivatives
are virtually zero. If many such derivatives are placed into a neural network, according to the
chain rule, they will eventually nullify most of the gradients. This leads to the early layers of the
network becoming stuck and learning failing.

Currently, the most popular activation function in neural networks is ReLU (Rectified Linear
Unit), which is a piecewise linear activation that zeroes out negative inputs but has no effect in
the positive domain. Its derivative is 1 in the positive domain and 0 in the negative domain,
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Figure 9.2: The effects of padding (top), stride (bottom left), and dilation (bottom right) on
the convolution operation.
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Figure 9.3: Maz pooling (top) and average pooling (bottom).

thus having a significantly smaller disruptive effect on the gradients. However, even with ReLU,
early layers can still become stuck, and this can be mitigated by using Parametric ReLU (PReLU)
or Leaky ReLU. These differ from the original solution by not zeroing out the activations in the
negative domain but multiplying them by a constant less than 1. In the leaky case, this constant is
a hyperparameter, while in the parametric case, it can be learned using gradient methods. There
is also a smooth version of ReLLU, which, unlike the traditional version, is differentiable at every
point. This is called the Elastic Linear Unit (ELU).

9.3 Architectures

The neural networks containing the layers presented in this chapter are called convolutional neural
networks, primarily used in the field of computer vision. The use of convolutional layers is partic-
ularly beneficial for image data since a convolutional layer has several orders of magnitude fewer
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Figure 9.4: Sigmoid function and its derivative (top), and tanh function and its derivative
(bottom,).
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Figure 9.5: ReLU (left), Leaky ReLU (middle), and ELU (right) activations.

parameters compared to a fully connected layer. In a convolutional neural network, convolutional
layers typically follow one another in sequence (with an activation function at each output), with a
down-sampling layer (either strided convolution or pooling) inserted after every few convolutional
layers. At the end of the network, one or more fully connected layers typically generate the final
output.

Figure 9.6: A typical convolutional neural network.

It is worth considering what a series of convolutional layers connected in sequence actually does. A
convolution can be thought of as a simple feature detector that activates for certain combinations
of its inputs and not for others. Thus, the activation map produced by the first convolutional
layer indicates where on the image pixel combinations are present that activate the individual
filters. However, the input to the next layer is this activation map, meaning that the filters in this
layer activate for certain combinations of these lower-level features rather than individual pixels.
Based on this, it is clear that a deep convolutional neural network contains layers in its later stages
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capable of detecting increasingly complex compositions of primitive image features. This concept
closely resembles the compositional nature of human vision.

While the earliest successful convolutional networks implemented an architecture similar to this,
there are numerous more advanced variations. These advancements are typically motivated by
two primary goals: one, to improve the numerically problematic convergence properties of deep
neural networks in some way, and two, to design structures capable of learning more complex
relationships with as few free parameters as possible, thereby reducing the likelihood of overfitting.
In this chapter, we introduce the motivation behind these architectures.
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Figure 9.7: The winning networks of the ImageNet classification competition and their number
of layers.

9.3.1 AlexNet

One of the earliest successful convolutional network architectures was AlexNet, which was the first
to employ around 10 layers. The main reason for its success was the use of the ReLLU activation
function and normalization layers.

9.3.2 VGG

The VGG architecture is one of the most popular traditional neural network models, with variants
consisting of 16 and 19 layers. It has a significantly more regular architecture than AlexNet, using
only convolutional layers with a kernel size of 3x3. The motivation behind this is that three consec-
utive 3x3 layers have the same effective receptive field as a single 7x7 layer but with two additional
nonlinearities and half the number of parameters. As a result, more complex functions can be
learned, while the smaller number of parameters reduces the likelihood of overfitting. However,
it is worth noting that this does not mean the VGG architecture is particularly good at avoiding
overfitting, as the huge number of parameters in the final 3 fully connected layers neutralizes this
advantage.

The following diagram shows the memory size required by each layer of the VGG model and
the number of parameters in each layer. It is easy to notice that the beginning of the network
is the most memory-intensive part, while the last layers are much more prominent in terms of
the number of parameters. It is worth mentioning that compared to modern networks, VGG is
extremely wasteful in terms of both parameter count and memory usage.

9.3.3 Inception

A premier example of both multi-scale feature extraction and parameter reduction is the Inception
block, which serves as the foundational building block of the GoogLeNet architecture. The core
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Figure 9.8: The AlexNet (left) and VGG (right) models.
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Figure 9.9: The number of parameters and memory size used by the VGG network.

philosophy of this design is that convolutional layers do not have to be restricted to a strictly
sequential chain; instead, multiple operations can run in parallel. A standard Inception block
processes an incoming tensor simultaneously through four parallel paths: a 1 x 1 convolution, a
3 X 3 convolution, a 5 x 5 convolution, and a 3 x 3 max pooling operation. The primary insight
behind this setup relates to the Field of View (FoV) or receptive field. Because objects within a
single dataset can vary drastically in scale (e.g., a car close to the camera versus a car far away
on the highway), a fixed filter size is sub-optimal. By running multiple filter sizes in parallel,
the network can capture both localized, fine-grained details (via 3 x 3 filters) and broader macro-
structures (via 5 x 5 filters) within the exact same layer. The outputs of these parallel tracks are
then stacked together along the channel dimension to form a single, unified output tensor.

However, concatenating deep feature maps from large filters like 5 x 5 introduces a massive compu-
tational bottleneck, as the number of parameters and floating-point operations scales quadratically
with filter size and channel depth. To make this architecture practically viable, GoogLeNet intro-
duces bottleneck layers using 1 x 1 convolutions. Placed immediately before the expensive 3 x 3
and 5 x 5 convolutions, these 1 x 1 filters act as spatial-preserving dimensionality reduction mech-
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Figure 9.10: The naive Inception layer.

anisms. For example, if a 5 x 5 filter needs to process a 256-channel input, a preceding 1 x 1
convolution can compress those 256 channels down to 32 channels first. The heavy 5 x 5 operation
is then performed on this drastically smaller channel depth, drastically lowering the network’s
overall parameter count and computational footprint without sacrificing expressive capacity.
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Figure 9.11: The GoogLeNet model.

As networks grow deep by stacking these Inception modules, they encounter severe training diffi-
culties due to the vanishing gradient problem, where error signals fade away before reaching the
earliest layers. To safeguard convergence, GoogLeNet integrates auxiliary classifiers branching
off from the intermediate levels of the architecture. These auxiliary structures are mini-networks
consisting of a pooling layer, a 1 x 1 convolution, a fully connected layer, and a Softmax output.
During the training phase, these branches compute their own standalone classification losses based
on the ground truth labels. Their gradients are injected directly back into the main network at
lower layers, effectively 'boosting’ the backpropagation signal and preventing the early features
from stagnating. It is important to emphasize that these auxiliary classifiers are purely training
wheels; once the network has successfully converged, these side branches are discarded entirely,
ensuring that inference speed remains completely unburdened.”

9.3.4 ResNet

Another good example of convergence improvement is the so-called residual block. This layer adds
the input to the output after performing the convolution, so the layer essentially only needs to
produce the difference between the expected input and output. The benefit of this solution is that
in a neural network composed of such blocks, the error derivative has a path back to the front
layers of the network through these additions where the derivative remains one. As a result, the
numerical problems arising from the numerous multiplications required during backpropagation
are addressed. With the introduction of the residual block, the maximum depth of convolutional
networks increased from around 30 layers to the range of 100-200 layers.
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Figure 9.12: The residual block.

It is also worth mentioning the so-called bottleneck layers, used in both Inception and residual
blocks. Their motivation is that performing two-dimensional convolutions is extremely costly
when the number of channels in the activation maps is large. Therefore, in these networks, every
two-dimensional convolution is preceded by a 1x1 convolutional layer, which reduces or compresses
the number of channels in the input activation map to a fraction of the original. Then, the two-
dimensional convolution (3x3 or 5x5) is performed on this compressed map, followed by another
1x1 convolutional layer that restores the original number of channels. This method significantly
reduces both the number of parameters in individual layers and the time required to execute the
layer.
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Figure 9.13: Inception (left) and residual (right) blocks using the bottleneck solution.

9.3.5 DenselNet

The DenseNet architecture is an evolved version of ResNet, where within a dense block, there are
skip connections not only between consecutive layers but between every pair of layers within a
block (hence the name ’dense’). This innovation made it possible to achieve results equivalent to
the ResNet model with approximately half the computations and parameters.

Conceptually, DenseNet shares a philosophical connection with the Inception module, though it
executes the idea in a different dimension. While Inception achieves a variation in the network’s
Field of View (FoV) by placing filters of different spatial sizes side-by-side in parallel, DenseNet
achieves a similar multi-scale FoV variation purely through depth. Because every layer in a dense
block receives the concatenated outputs of all preceding layers as its input, early layers capture
sharp, localized, low-level features, while deeper layers process wider, highly contextual, macro-
level abstractions. By forcing later convolutional layers to read both the shallow and deep features
simultaneously, the network naturally balances multiple scales of receptive fields. This eliminates
the need for expensive, wide spatial filters like 5 x 5 convolutions, relying instead on a compact
growth rate where features are recycled continuously throughout the processing pipeline.
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Figure 9.14: The ResNet (left) and DenseNet (right) models.

9.4 Visualization

In the previous and following sections, we discuss in detail the construction, training, validation,
and deployment of various deep neural networks. However, one extremely important topic hasn’t
been covered: the problem of debugging. This is particularly critical in the case of neural networks,
as trial and error can be extremely costly, with training a large network taking days or even weeks.
The problem is that neural networks act like a kind of black box, meaning we don’t fully understand
what they are doing and why. This makes it necessary to visualize the inner workings of neural
networks to gain some insight into their internal states.

It’s worth noting that the backpropagation operation used in gradient computation can generally
be applied to calculate the derivative between any two points in the network. This insight can be
exploited in various ways. For example, it allows us to determine which pixels influence a class
score in a given image. This can be used for object segmentation, tracking, and even to identify
which part of an image is responsible for an incorrect classification.

To achieve this, all we need to do is prescribe a value for the output gradient of the selected class’s
score while setting the gradients of all other classes to zero. We then perform the backpropagation
operation, but instead of computing the derivatives with respect to the weights, we compute them
with respect to the input image. By taking the absolute value of this and then taking the maximum
along the channel dimension, we can generate a grayscale image where the intensity of the pixels
is proportional to their impact on the class score. This resulting image is called a *saliency™ map.

Figure 9.15: Generating a saliency map.
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9.4.1 Guided backpropagation

However, if we want to use this method for segmentation or visualization, we encounter a minor
issue: the saliency will also be high in regions of the image that negatively influence the output
(i.e., "where there is no dog,” for example). To address this, we need to suppress the influence of
features that act against the class of interest during backpropagation. This can be done easily, as
it can be inferred that if a particular feature reduces the class score, then the associated derivative
will be negative. From this point on, all we need to do is set these gradients to zero at every layer
during backpropagation. The simplest way to achieve this is to modify the ReLU backward step
so that the ReLU function is applied to the gradients as well. This operation is called *guided
backpropagation®.

In addition to generating high-quality saliency maps, guided backpropagation can be used to
visualize individual neurons. In this case, our goal is to generate the image that maximally activates
a given neuron (i.e., convolutional filter). To do this, we initialize the input image with zeros, and
then forward it through the network up to the layer containing the selected neuron. We then
prescribe the gradients of this layer’s output in the manner described earlier and backpropagate
all the way to the input image. Afterward, we add the resulting gradients to the image’s pixels,
repeating these two steps until the image changes significantly.

It’s important to note that several refinements need to be made to the resulting image; otherwise,
it will become incomprehensible, and the pixel values will continuously increase, causing the al-
gorithm to never stop. Therefore, it’s necessary to apply some kind of regularization (usually L2
regularization) to the image, as well as use smoothing filters to reduce noise. It is also advisable
to manually zero out overly small pixel and gradient values obtained during backpropagation.

Figure 9.16: The result of guided backpropagation.

9.4.2 Adversarial examples

One significant discovery made during the application of the backpropagation algorithm is that,
in typical neural networks used for computer vision, it is possible to generate minimal changes to
correctly classified images that are imperceptible to the human eye, yet cause the neural network
to misclassify the image. These images are known as adversarial examples, and based on our
current knowledge, it is quite difficult to defend against them. The best strategy we have is to
generate such examples during training and use them to train the network. However, humans are
not immune to such errors either—adversarial examples in human vision are known as illusions.
It seems, though, that the illusions of neural networks differ significantly from those of humans.
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To understand why these vulnerabilities exist, one must look at the mathematical nature of con-
volutional networks. Despite their expressive power, deep networks are fundamentally composed
of a massive cascade of linear dot products interleaved with simple, piecewise-linear activation
functions (like ReLUs). Because the operations are so simple, a tiny, coordinated shift in the input
pixels can accumulate linearly across dozens of layers. By the time this signal reaches the final
layer, it triggers a catastrophic cascade failure, shifting the internal activation vectors entirely out
of their correct decision bounds.

Fortunately, the 'good news’ from a security standpoint is that generating the most potent adver-
sarial examples typically requires white-box access—meaning the attacker must have full access
to the model’s architecture and weights to calculate the exact error gradients via backpropaga-
tion. However, the ’bad news’ is twofold. First, adversarial attacks exhibit high transferability;
an adversarial image engineered to trick Model A will frequently trick an entirely different Model
B, even if Model B was trained on a different subset of data. Second, attackers do not strictly
need the weights; it is entirely feasible to execute black-box attacks using simple trial-and-error
optimization, querying the target model repeatedly and observing the output probabilities to map
out and exploit its decision boundaries externally.

Despite these severe vectors, there is a silver lining in robust engineering: networks can be explicitly
trained to resist or even detect these manipulations. By implementing adversarial training, de-
velopers intentionally generate adversarial examples on the fly during the training loop and inject
them directly into the training dataset alongside the ground-truth labels. This forces the opti-
mization process to flatten out the network’s decision boundaries, making the model significantly
more resilient against localized pixel perturbations, or enabling auxiliary network components to
flag the incoming noise as a malicious anomaly before it propagates.

Elephant

Difference 10x Difference

Figure 9.17: Adversarial examples.
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10 Deep Learning in Practice

10.1 Introduction

In previous lectures, we covered the basics of deep learning and convolutional neural networks. In
the following chapters, we will delve into specialized structures designed for processing sequences
and handling more complex visual tasks beyond classification. However, deep learning is one of
those areas where methods may seem simple on paper, but in practice, many difficulties arise, mak-
ing their application challenging. The goal of this lecture is to gather practical considerations and
techniques that are essential for building well-functioning neural networks in real-life applications.

The training of neural networks is typically complicated by four main factors:

1. Numerical issues that hinder the convergence of the optimization algorithm

2. The phenomenon of overfitting, which jeopardizes the applicability of the trained model in
real-world situations

3. The challenge of generating the large amount of labeled data necessary for training neural
networks

4. Determining the hyperparameters that lead to successful training and good generalization

10.2 Convergence Issues

The gradient method and backpropagation algorithm described in earlier chapters work perfectly
in theory and textbooks (including these notes). However, in practice, due to the finite precision
and range of floating-point representation, we encounter many problems that can easily prevent
the algorithm from converging. Generally speaking, floating-point arithmetic tends to work more
reliably when our numbers are ”well-behaved,” meaning they are centered around zero and have a
standard deviation close to one.

The reason for this is that backpropagation involves a series of matrix multiplications. It is easy
to see that when we multiply many numbers, if these numbers are smaller than one, the result
will eventually approach zero. Conversely, if they are larger than one, the result will tend toward
infinity. As a result, the gradients (especially in the network’s early layers, where the matrix
product is quite long) will either vanish or explode. This is known as the problem of vanishing or
exploding gradients. The product will remain within a reasonable range only if the values of our
numbers are relatively close to one.

This principle holds true for matrix multiplication as well, except in this case, the norms of the
matrices need to be reasonably small. One of the most widely used matrix norms is the Frobenius
norm, which is simply the sum of the squares of the matrix elements. If the average of the matrix
elements is zero, this norm equals the variance of the elements.

10.2.1 Initialization

In the first chapter on deep learning, we introduced the gradient method, which iteratively adjusts
the network parameters using the derivative of the error function to improve performance. However,
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we deliberately omitted the topic of how to obtain the initial parameter values. The truth is that we
know nothing about the correct parameters at the beginning, so our only option is to initialize them
randomly. The standard deviation of these random numbers, however, is crucial (it is evident that
the mean should be zero). If the random weights are too large, most of the activation values will
become increasingly large, leading to excessively large gradients. As a result, instead of gradually
approaching the minimum of the error function, we will take giant leaps in the parameter space,
likely overshooting the minimum entirely. If the weights are too small, the activations of the
network will be close to zero after just a few layers, which will cause the gradients to vanish, and
the network will get stuck at the initial values.

Figure 10.1: The distribution of activations in the network with small random (left) and large
random (right) number initialization.

To avoid this, we must carefully choose the variance of the network’s weights, ensuring they are
neither too large nor too small. There are several methods to achieve this, with the most common
choices being the Xavier and He initialization formulas. These determine the variance of the initial
weights for each layer of the network as follows:

uw=20
2
OXav = o (10.1)
2
OHe = 777

Where n; and n, represent the number of inputs and outputs of the respective layer. It’s worth
noting that with these choices, the activations and gradients of the network will approximately
follow a normal distribution, although the use of the ReLLU activation function distorts this to
some extent.

TR LD

Figure 10.2: The distribution of activations using Xavier initialization.
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10.2.2 Data Normalization

For similar reasons, certain transformations must be performed on the images used as input for
neural networks. As mentioned earlier, it is crucial for the pixel values of the input image to have a
distribution that is approximately standard normal in order to ensure good numerical convergence.
Even if the network’s weights are well-initialized, if the input values are too large, we will encounter
the same problems as with large weights. Additionally, it is important that the pixel values have
an average close to zero, because an input that is entirely positive or entirely negative will restrict
the possible directions of the gradient.

To understand why non-zero-centered inputs restrict the gradient directions, we must look at
the derivative of a single neuron’s loss function. Consider a basic neuron computing f(z) =
o (> w;xz; +b), where o is an activation function. During backpropagation, the gradient of the loss
L with respect to any individual weight w; is calculated via the chain rule as:

oL _ 9oL of
dw;  Of omet

Notice that the input z; acts as a direct multiplier in this equation. If the input image consists
entirely of positive pixel values (which is the default for raw [0,255] data), then every x; will be
strictly positive. Consequently, the sign of the gradient % for every single weight connected to

that neuron will be completely dictated by the sign of the upstream gradient %. This means that
in a given backward pass, the gradients for all the weights must either all be positive or all be
negative simultaneously.

This introduces a severe geometric constraint in the parameter optimization space. If the ideal
path to the loss minimum requires some weights to increase while others decrease, the network
cannot update them in those opposing directions in a single step. Instead, the optimization path
is forced into an incredibly inefficient, highly volatile 'zig-zagging’ trajectory. Zero-centering the
inputs breaks this mathematical lock, allowing approximately half of the inputs to be negative and
half to be positive, which frees the gradients to update individual weights independently in any
optimal direction.

Just as input variables must be constrained to a predictable numerical range, output normaliza-
tion is equally essential when designing regression networks. If a neural network is tasked with
predicting continuous raw values directly—such as pixel coordinates (e.g., [0,1920]) or bounding
box dimensions—the optimization process faces severe instability. This occurs because the loss
gradients calculated from massive target values will violently overpower the gradients flowing from
normal, small-scale weights, causing training to diverge or oscillate wildly. To prevent this, re-
gression targets are typically scaled to a tightly bound, normalized range, such as [—1,1] or [0,1],
relative to the image size. Restricting target values to this range allows standard activation func-
tions (like tanh or sigmoid) to be applied directly at the final output layer. This ensures that the
scale of the error gradients remains fully proportional to the internal network weights, leading to
smooth, balanced parameter updates during backpropagation.”

10.3 Validation and Regularization

As mentioned in the fundamentals of machine learning, during training, the phenomenon of overfit-
ting may occur. To detect this, it is recommended to use two separate datasets: a training set and
a validation set. These can be randomly selected parts of the same database (their ratio typically
ranges between 80%-20%). The training set is used to perform the training, while the validation
set is used to monitor the overfitting phenomenon, which can guide the tuning of hyperparameters.
It is crucial to emphasize that the validation dataset MUST NEVER be used for training.

However, in practice, two datasets are not enough. The training dataset is used to determine the
network’s parameters, while the validation dataset is used to tune the network’s hyperparameters.
This way, we cannot predict how the network will perform on entirely new data. To address this,
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Figure 10.3: With entirely positive input, the gradient will also be entirely positive or entirely
negative, thus only allowing movement toward the desired direction in a zigzag
pattern.

a third test dataset, comprising approximately 10% of the total data, is recommended. For the
method to be reliable, it is essential to completely separate these three datasets and use each for its
intended purpose. Note: Since overfitting is a problem of too little data per parameter, further
reducing the train dataset size actually worsens to problem. Validation therefore is not really a
way of reducing overfitting, it is a necessary evil: We cannot reduce overfitting without measuring
it, but to measure it, validation is needed.

Data

Train (70%) Val (20%)  Test

Figure 10.4: The distribution of the datasets.

It is worth noting that the phenomenon of neural network overfitting can also be described by
the distribution of activations within the layers. In cases of overfitting, the network starts to
learn the correct answer for each individual training sample, rather than general patterns between
inputs and outputs. This typically results in only a very few activations being maximized for each
training sample in the layers (those that remember the specific training sample), while the other
activations take the opposite extreme values. As we have previously discussed, such "extreme”
activations can easily occur when the weights of the individual layers become too large. If we
recall the regularization methods discussed earlier, they specifically aim to slow down the growth
of weights.
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Figure 10.5: The training and validation curves associated with overfitting (left), and the dis-
tribution of activations in normal (center) and overfitting (right) cases.
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10.3.1 Dropout

There are two other commonly used methods to prevent unwanted activations. The first is a
technique called dropout, where during training, a certain fraction of activations in each layer
are randomly zeroed out during each forward pass, and the remaining activations are calculated
accordingly (as shown in Figure 10.6). It is easy to see that this method significantly reduces
overfitting since it forces the network to introduce redundancy. It is important to note that during
testing, the random zeroing is no longer performed, but the activations must be scaled according
to the dropout probability.

Figure 10.6: Application of dropout.

10.3.2 Batch Normalization

The other solution is called batch normalization, which involves performing a normalization op-
eration after each layer. We previously mentioned that during training, we evaluate not just one
image but a batch of images (typically a multiple of 32). The essence of batch normalization is that
we continuously compute the mean and variance of the activations during training and normalize
the activations accordingly. It is worth noting that this operation not only mitigates overfitting by
normalizing the distribution of activations but also improves numerical convergence. The formula
for batch normalization is as follows:

_tT—H -
TBN = 5, — wvanilla
rar =axpN + 8 <+ affine (10.2)

Tpe=%X"2 (x —p) < decorrelated

Where p and o /% are the estimated mean and variance/covariance matrix of the inputs z, while «
and [ are learned parameters. It is worth noting that in modern neural networks, batch normal-
ization is a fundamental operation, so typically, every convolutional layer is followed by a batch
normalization layer. Batch normalization and dropout can even be used together, though most ex-
periments show only minimal performance improvements. The advantages of batch normalization
are summarized in the following three points:

e Normalizing the distribution of activations reduces the degree of overfitting. This is due
to the randomness of minibatches: Each epoch the same datapoint is normalized slightly
differently, since the other element is the batch are different. This introduces randomness in
the activations, making it difficult for the network to memorize exact values.

¢ Due to normalization, the distributions and gradients of the layers remain approximately in
the same range, which aids convergence.

e Since gradient descent changes the weight matrix of each layer simultaneously, the input
distribution to all layers except the first changes with each step, which requires re-learning.
Batch normalization counteracts this, making convergence significantly more stable (and
consequently faster).
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Batch Norm Layer Norm

Figure 10.7: [t is worth noting that besides batch mormalization, there is also layer normal-
ization, where the entire activation block is normalized per instance. In instance
normalization, each channel is normalized individually across the spatial dimen-
sions. A compromise between the two is group normalization, where a few chan-
nels are normalized together.

10.3.3 Data Augmentation

There is yet another possible way to avoid overfitting: consider that in the case of overfitting,
the neural network learns the correct answer for each training example individually. It is evident
that the more training data available, the harder it becomes to do this. Therefore, increasing the
number of training data almost always helps reduce the extent of overfitting. However, generating
training data is extremely costly, so this strategy may not always be feasible on its own. In the
case of images, however, we have the option to automatically generate (partially) new training data
through data augmentation. The essence of the method is that by flipping, randomly cropping,
rotating, scaling, and applying intensity transformations, we artificially increase the size of the
dataset. It is easy to see that these operations do not affect the labels of the images, so they can
be performed without penalty. It is important to note that batch normalization, regularization,
and data augmentation are used together.

10.3.4 Transfer Learning

One of the most significant breakthroughs in deep learning addresses this problem. It is understood
that the initial layers of convolutional neural networks detect various image features. As we progress
through the layers of the network, these features become increasingly complex and task-specific.
Therefore, if we already have a network trained for a specific task, its initial layers can be used for
another similar task. Thus, only the final layers of the network need to be retrained for the new
task, requiring significantly less data as they contain fewer free parameters compared to the entire
network.

This technique is known as transfer learning and is a widespread solution in the field of deep
learning. The reasoning above is so accurate that, in many cases, it is sufficient to retrain only the
last linear layer of the networks. In other cases, fine-tuning of the initial layers may be necessary,
but this also requires orders of magnitude fewer data. In recent years, huge and highly general pre-
trained encoders, so-called Foundation Models have emerged that are highly suitable for transfer
learning.

10.3.5 Ensemble

An final interesting approach is the use of ensemble methods. In this case, we generally create a
“consensus” estimate by averaging the outputs of several differently structured networks that are
initialized and trained in different ways. Based on experience, this method can improve the output
of the best network by approximately 2-3%. Such methods are often referred to as expert systems,
or Mixture of Experts (MoE).
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10.4 Hyperparameter Optimization

Another difficulty in training neural networks is the presence of multiple hyperparameters that
may need tuning. There is no better method than trial and error to choose their optimal values.
Training a neural network, however, can take a considerable amount of time (from a few hours to
several weeks), making each attempt quite costly. Therefore, at the beginning of the training, it
is often possible to select approximately correct values for many hyperparameters by training on
only a small portion of the entire dataset. This method can also help identify potential program
bugs.

During training on the full dataset, usually only a few hyperparameters need to be set within a
relatively narrow range. It may be useful to divide these ranges into a uniform grid and perform
separate trainings at each grid point, then compare them. However, a more effective approach is to
use a similar number of random hyperparameter combinations for training. This way, the impact
of each hyperparameter can be measured with higher resolution. This is particularly useful when
one of the hyperparameters significantly affects the quality of training more than the others.
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Figure 10.8: Two possible schemes for hyperparameter optimization.

10.4.1 Learning Rate

Among the hyperparameters for training, the learning rate, which determines the size of the steps
in gradient methods, deserves special attention. In gradient methods, we aim to reach the deepest
point of the "valley” created by the error function by taking a series of steps in the steepest direction
of decrease. If the step size is too small, it will take many steps to enter the valley. However, if the
step size is too large, we may quickly reach close to the deepest point but overshoot it with the
final step, causing the algorithm to "bounce” between the two sides of the valley indefinitely. In
extreme cases, a large step size may cause the weights to jump so far that they end up at a higher
point on the opposite side of the valley than where we started. Repeating this process will result
in climbing out of the valley rather than minimizing it.

In practice, due to these considerations, it is not common to use a single learning rate. Instead,
optimization typically starts with the largest learning rate that still shows stable decrease in the
error value, allowing us to get close to the optimum as quickly as possible. After some time, the
learning rate is reduced to enable closer approximation to the true optimum position. This can be
viewed as a form of coarse optimization followed by fine-tuning. There are many possible methods
for adjusting the learning rate, one of the most common being to decrease the rate by a fixed factor
after a certain number of steps.

It is also possible to adjust the learning rate adaptively by continuously monitoring the learning
speed. In this case, the rate is reduced by a fixed factor if the learning has not exceeded the previous
best result for a certain number of steps. Another effective method is to use cosine annealing, which
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Figure 10.9: The effects of different learning rate choices.
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Figure 10.10: Adaptive changes in the learning rate.

adjusts the learning rate according to the first half-period of a cosine function between a maximum
and minimum value. When using cosine annealing, training can continue with the maximum
learning rate after the half-period is complete, allowing for additional annealing. The idea is that
the suddenly increased learning rate ”pushes” the network weights out of the local minimum,
enabling the discovery of a better nearby local minimum during further training.

10.5 Deployment

The final topic of this chapter is the question of preparing neural networks for practical use (de-
ployment). Deploying neural networks involves two problems: neural networks have millions of
parameters, meaning that a deep network can be quite large. Moreover, their execution requires
billions of operations, making them quite slow. This greatly complicates their use in devices with
lower performance (such as mobile phones, embedded systems, or edge devices).

10.5.1 Pruning

One of the most important solutions to the above problems is the operation of pruning, where a
small percentage of the least important weights are selected and removed from the network. There
are several methods for ranking the weights, the most obvious being magnitude-based pruning,
which uses the absolute values of the weights under the assumption that weights close to zero
contribute least to the network’s activations.
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Pruning strategies generally fall into two categories: unstructured pruning and structured prun-
ing. Unstructured pruning zeroes out individual weights anywhere in the tensor; while this achieves
high theoretical compression, it results in sparse matrices that standard hardware accelerators (like
GPUs) cannot execute efficiently without specialized software libraries. Structured pruning, on
the other hand, removes entire coherent structures, such as channels, neurons, or convolutional
filters. While structured pruning usually results in a slightly higher drop in accuracy, it pro-
vides immediate, out-of-the-box hardware acceleration because it physically shrinks the matrix
dimensions.

After a pruning step, the network is fine-tuned with the deleted weights locked at zero to allow
the remaining parameters to compensate for the lost capacity. This process is repeated iteratively
over several cycles. Research supports that with iterative pruning techniques, up to 90% of the
network weights can be removed with only a few percentage points of performance loss, drastically
minimizing the computational footprint.

Figure 10.11: The Pruning method.

10.5.2 Weight Sharing

Another similarly effective method is weight sharing, where weights are grouped into a few clusters
using a clustering algorithm (typically k-means), and each weight is replaced with a pointer to
the mean value of its assigned cluster. During backpropagation, gradients that fall into the same
cluster are summed together to update the cluster’s centroid value. These operations are also
performed iteratively, similar to pruning.An average neural network’s weights can be divided into
16 groups with only a few percentage points of performance loss using this method. Since there
are only 16 unique weight values stored in a shared ”codebook,” each individual weight connection
in the layer no longer needs to store a full numerical value—it only needs to store a 4-bit index
pointing to the codebook. This results in an eightfold memory compression compared to the usual

32-bit floating-point representation.
0-09 .
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Figure 10.12: The Weight Sharing method (left) and the schema of weight quantization (right).

10.5.3 Quantization

While weight sharing reduces storage via indexing, numerical quantization directly optimizes the
mathematical data types used to represent both weights and activations. Standard deep learning
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models are trained using 32-bit single-precision floating-point numbers (FP32). Quantization maps
these high-precision numbers into lower-bit representations, primarily FP16 (Half-Precision) or
INTS8 (8-bit Fixed-Point Integer).

FP16 Quantization: Downscaling from FP32 to FP16 drops the precision but maintains a
floating-point structure (allocating bits to both sign, exponent, and mantissa). This immediately
cuts the memory footprint exactly in half and leverages tensor cores on modern hardware for a
massive boost in throughput, usually with zero measurable loss in model accuracy.

INTS8 Quantization: Moving to 8-bit integers is a more aggressive step that converts continuous
floating-point numbers into discrete integers ranging from -128 to 127. This requires mapping a
wide dynamic range onto a narrow integer grid using a scale factor and a zero-point offset. INTS
arithmetic is significantly faster and consumes a fraction of the clock cycles and power compared
to floating-point operations, making it the industry standard for edge deployment.

Quantization is typically implemented through two paradigms: Post-Training Quantization (PTQ),
where a fully trained FP32 model is converted directly to INTS8 using a small calibration dataset to
calculate optimal scaling factors, and Quantization-Aware Training (QAT). In QAT, the network
models quantization errors during the forward pass of the training loop using "fake quantization”
modules. This allows the network to adapt its remaining weights to the rounding errors, ensuring
that the final INT8 deployment model retains near-perfect baseline accuracy.
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11 Recurrent Networks

11.1 Introduction

In the previous discussion, we covered methods suitable for processing static images independently.
However, there are many significant applications for processing image sequences, including video
classification, or event detection. It is easy to see that while certain applications may require
identifying objects in images, recognizing events or actions in videos can be even more useful. A
somewhat different application is image captioning, where instead of assigning a single label to an
image, we assign an entire sentence, providing a much more complex description. In this case, the
output of the network, rather than its input, is interpreted as a sequence.
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Figure 11.1: Various sequence processing tasks.

11.2 Recurrent Neural Networks

It is evident that feedforward convolutional networks do not have memory elements, making them
unsuitable for processing temporal sequences. For effective sequence processing, a new network
structure with some form of internal state is needed. Such networks are called Recurrent Neural
Networks (RNNs). During the operation of a recurrent layer, the current value of its internal
state is calculated based on the current input and the internal state value from the previous time
step. The cell’s output depends on the recently calculated current value of the internal state. The
equations for an RNN cell are given by:

hy = tanh(Whhht,1 + thwt) (11 1)

yr = 0(Whyhy) .
where h denotes the internal state and ¢ represents the current time step. It is clear that an RNN
cell is essentially composed of three linear layers and an activation function. With the introduction
of this new architecture, the question arises about how to determine the gradients of the weights
in this structure. The issue is that the backpropagation method does not work with recurrent
architectures. Fortunately, this can be addressed with a simple trick: a recurrent network can be
transformed into a conventional feedforward network by unfolding it in time. This means that the
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Figure 11.2: Structure of an RNN cell (left) and its temporal unfolding (right).

single RNN layer’s states at different time points are treated as the layers of a traditional network
arranged sequentially.

Since an RNN cell has an output and error at each time point, the unfolded network will have an
output and error associated with each layer, and their sum represents the total error. From this
point, the already known backpropagation algorithm can be used without any issues. However,
there are two important differences compared to conventional feedforward networks. Firstly, as we
progress through time, the size of the unfolded network increases, which slows down the training
process. Moreover, it is not necessary to remember past inputs indefinitely for proper functioning
and training. Therefore, during unfolding, the maximum size of the network is limited, and the
oldest layers and inputs are removed from the unfolded network.

T

Figure 11.3: Principle of the Backpropagation Through Time (BPTT) algorithm. When reach-
ing the end of the network, we only perform backpropagation up to the red-bozxed
part, otherwise, the problem size would grow infinitely.

11.2.1 LSTM

Another important difference is that in the unfolded multilayer network, the weight matrices of
each layer are identical (since it is effectively a single recurrent layer). This means that when
computing derivatives using the chain rule, we need to calculate a long product of derivatives for
each layer. In this case, however, every element of the product is the same, so we are essentially
talking about a power. It is easy to see that, in practice, any number or matrix raised to a high
power is either zero or infinite, except when the number is exactly 1. This implies that the gradients
of a recurrent cell can easily vanish or ”explode,” making training difficult.

The only solution to this problem is to create a structure where the derivative between the current
and one-step-previous internal states is approximately one. The Long Short-Term Memory (LSTM)
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Figure 11.4: Structure of an LSTM cell.

cell is precisely such an architecture. The cell’s name comes from its creators’ intention to build
a short-term memory cell that can remember information for a sufficiently long time, unlike the
standard RNN cell. While the RNN cell consists of three linear units, the LSTM cell comprises
four activation functions known as gates.

During the operation of the LSTM cell, in the absence of the effects of individual gates, the previous
value of the cell state ¢ is simply copied to the current state, making the derivative between the
two exactly one. However, the value of the cell state may still be modified by the effects of the
gates. The first such gate is the forget gate f, which is a vector of the same size as the cell state,
with each element ranging between zero and one due to the sigmoid nonlinearity. By element-wise
multiplying the cell state vector by this vector, certain parts of the cell state are forgotten.

The next gate is the so-called input gate i, which extracts features from the current input value
and the previous cell output value that can be remembered in the cell state. Then, similar to the
forget gate, the input gate vector is element-wise multiplied with the output of the input gate,
selecting the relevant features to be remembered and added to the cell state. The final step is to
produce the cell’s current output, which is obtained by filtering the cell state with the output gate
0.

_ W (ht—l)
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tanh (11.2)
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where * denotes element-wise multiplication. It is worth noting that there are several variations of
the LSTM cell with minor differences, as well as recurrent cells with more significant deviations but
based on similar fundamental ideas. For example, the Gated Recurrent Unit (GRU) is a similar
concept. It is also important to recognize that facilitating the smooth flow of gradients backward
using so-called “shortcut” connections was not first introduced here. The basic idea of the residual
block described in the previous chapter was very similar.

11.2.2 Application Examples

Besides video classification, there are several other interesting applications for sequence processing
methods. Notable among these is image captioning, where short, 1-2 sentence descriptions are
assigned to static images provided as input. In this case, recurrence occurs during sentence gen-
eration. Another important application is implementing various (visual) question-answer systems.
Here, the algorithm must answer questions posed about an input image or video (e.g., ”"What color
is the hat on the man wearing sunglasses?”). It is also worth mentioning the implementation of
systems with explicit memory (e.g., Turing machines).
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Figure 11.5: Principle of image captioning (left) and results (right).
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Figure 11.6: Problem of visual question-answer systems.

A particularly interesting application of recurrent networks is the implementation of the so-called
soft attention model. In this model, a recurrent cell assigns weights to different parts of an image
based on its content, and at each step, the cell considers the parts of the image with these weights.
During operation, the cell generates new weights at each step, continuously changing the areas
of the image the network focuses on. In image captioning, it is observed that at the moment of
generating each word, the network focuses precisely on the part of the image where the object
corresponding to the word is located.
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Alittle gir sitting on a bed with a teddy bear

Figure 11.7: Principle of soft attention (top) and its effect on captioning (bottom). These
images show the attention weights generated by the network at the moment of
generating the underlined word.
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12 Transformers

12.1 Attention mechanism

The advanced methods described earlier do handle the numerical problems of traditional recurrent
architectures, but they are not able to solve them completely. As a consequence, LSTM/GRU cells
cannot be unrolled to arbitrary depth, which limits the learning of truly long-term dependencies.
To address this problem, the so-called Self-Attention layer was introduced. The basic idea of the
layer is that it computes an attention weight between each pair of elements in an input sequence,
and the elements influence each other depending on this weight. The output of the layer is also a
sequence, whose elements are weighted combinations of the input sequence elements.

The layer works as follows: First, for each element of the input sequence, we compute three values.
These are called key, query, and value. Each of these values is produced by a separate linear layer,
which we run independently on the elements of the input sequence. Next, we compute pairwise
scalar products between the key and query values, resulting in a weight matrix where the 4, j-th
element expresses the similarity between the corresponding elements of the input sequence. It
is important that before use we multiply this matrix by a normalization factor, since the result
of the scalar product grows proportionally to the square root of the vector dimensionality. This
normalization makes the layer invariant to vector dimensionality, after which we apply the softmax
function to the rows of the similarity matrix. As a result, each element of the matrix lies in the
range [0,1], and the sum of each row is 1.

After this, we compute an output for each element of the sequence by taking the weighted sum of
the initially computed value vectors, where the weights come from the row of the weight matrix
corresponding to the given input. The formula of the self-attention layer can also be expressed in
matrix form as follows:

T
Y = SoftMazx( QK

W, (12.1)

where @, K, and V are the matrices containing the query, key, and value vectors, and dj is the
dimensionality of these vectors.

It is worth noting that the layer obtained in this form is completely invariant to the order of the
input elements, which is not necessarily desirable in the case of sequences. Therefore, in practice,
we do not feed the raw input elements directly to the layer, but some representation (embedding)
of them, which (may) also contain a positional code. These positional codes can be predefined
values encoding the position within the sequence; it is common to use sine and cosine codes of
different frequencies for this. Somewhat better performance can be achieved if the elements used
for positional encoding are learnable parameters of the network, but this can only be applied if an
upper bound on the sequence length at the layer’s input can be specified in advance.

Another important property is that a Self-Attention layer can have multiple “heads,” each of which
produces its own key, query, and value elements. The outputs of the multiple heads in a Multi-head
Attention layer are first concatenated and then converted into a single output sequence using a
final linear layer. In practice, we almost always use such a layer, since it can evaluate the similarity
between elements of a sequence from multiple perspectives in parallel, which significantly increases
its usefulness.

Finally, it is important to note that the term Self in Self-Attention can be omitted, in which case
the layer computes attention between two different sequences. This solution is called a Cross-
Attention layer. In this case, the key and value elements are computed from the sequence called
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Figure 12.1: The basic principle of Self-Attention.
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Figure 12.2: The structure of Multi-headed attention.

the Source, while the query values are obtained from the sequence called the Target. The output
sequence of the layer will then have the same number of elements as the Target sequence. In this
way, the previously described Self-Attention can be seen as a special case where the Source and
Target sequences are identical.
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12.2 The Transformer architecture

The Multi-Head Attention (MHA) layer constructed in this way can be used to build a so-called
Transformer encoder block. We do this by feeding the sequence elements given at the encoder
input into an MHA layer, then passing the output sequence elements to a Multi-Layer Perceptron
(MLP) network consisting of two linear layers, which processes these elements independently. In
this MLP network, some nonlinearity (typically some variant of ReLU) and Layer Normalization
are usually applied.

- J

CLTT]

Self-Attention

Figure 12.3: The structure of the encoder.

By stacking such encoder blocks one after another, we can obtain a Transformer encoder, which
creates for each element of the input sequence an abstract descriptor that also encodes, to some
degree, its relation to the other elements of the sequence. If we want to generate a single output
for each sequence element, or even for the entire sequence, this can be done using a simple classifier
layer applied to the features generated by the encoder.

However, if we want to generate an output sequence for the input sequence whose length does
not necessarily match, then it is necessary to use a decoder network as well. Decoder blocks are
constructed in the same way as encoder blocks, but instead of self-attention they contain cross-
attention elements, where the query comes from the decoder input, while the key and value come
from the features computed by the encoder. Based on this, the decoder network is run iteratively:
first, we provide it with a START query, and in each subsequent iteration, we also feed it the
queries corresponding to the outputs generated in previous rounds, similar to the solutions used
in image captioning.

12.3 The Vision Transformer

It is important to note that although the Transformer was primarily developed for processing
textual information, it did not take long for it to be applied to processing visual inputs as well.
For this, the image first has to be converted into a sequence, which is done by dividing the image
into an N x N grid, and treating these patches as sequence elements. To make them suitable for
input to linear layers, the pixels within each patch are flattened into a vector, encoded with 2D
positional encoding, and then used to form the Q, K, and V elements. From this point on, the
operation of the Vision Transformer is identical to that of the standard Transformer.

It is worth noting that if the ViT architecture is to be used for simple classification, then the
decoder part can be omitted. In this case, the classifier output can be attached to the output
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Figure 12.4: The structure of the Transformer.
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Figure 12.5: The structure of the Vision Transformer in the case of captioning.

element corresponding to any patch, but in practice it is common to provide the network with an
additional query input called a class token. This is a parameter vector of the same size as the
number of pixels in one patch, whose value is learned during training via gradient-based methods.

Although Transformers brought huge progress in the field of natural language processing (NLP),
in vision they did not clearly outperform convolutional architectures, since they lack certain in-
ductive biases (such as translation invariance and the importance of spatial locality) and contain
significantly more parameters. As a result, their training is considerably longer and requires more
data. To address this, the Data Efficient Image Transformer (DeiT) architecture was developed,
in which, in addition to the class token, another classification output—generating token, called the
distillation token, is also provided, and this output is trained using another already pre-trained
network.

This trick originates from the field of Knowledge Distillation, the essence of which is that an already
trained teacher network helps the convergence of the student network being trained, based on its
own outputs. This works because, in addition to the ground truth training labels, the network
receives a much more informative feedback (the teacher network’s output probabilities or possibly
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its features), making learning easier. However, this research area is extremely deep and complex,
and in this course we will only touch upon it at the level of mention.

12.3.1 The SWin Transformer

Vision Transformers, however, have several important disadvantages compared to convolutional
architectures. One of these is that computing the self-attention matrix requires memory and com-
putation proportional to the square of the input sequence length, which is extremely wasteful. This
severely limits how many pixels a patch can contain, since with too small a patch size their num-
ber would grow excessively large. As a consequence, Vision Transformers have difficulty detecting
small, local features.

This problem is addressed by the Shifted-Window (SWin) Transformer, which processes the image
across multiple levels in a way similar to convolutional architectures, examining the image at
different scales. At the lowest level, patch sizes are small, but self-attention is not computed
between every possible pair of patches—only within local windows (typically of size 4 x 4). This
significantly reduces memory and computational costs. At higher levels, both patch size and local
window size increase, thereby implementing a typical downscaling encoder architecture. This also
enables increasing the width/number of channels of the encoder blocks, which is not characteristic
of standard Transformers.

segmentation -
classification  detection ... classification
1 + !

L
LT
;@?M iz

(a) Swin Transformer (ours)

Figure 12.6: The principle of the SWin Transformer.

However, there is a pitfall to this idea: there is no information flow between patches that lie in
different local windows but are actually adjacent. Thus, if an image feature happens to fall exactly
on such a boundary, the network will have a hard time detecting it. To address this, at a given
level there are not one but two consecutive Transformer encoder blocks, the second of which uses
local windows shifted by half the window size. With this method, information exchange occurs
between all neighboring patches at every level.

SWin Transformers have already been able to achieve state-of-the-art results surpassing even con-
volutional networks, although there is still a tight competition between the two architectures, and
depending on the exact time of reading, a different network type may currently be in the lead.
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Figure 12.7: The principle of Shifted-Window blocks.
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13 Detection and Segmentation

13.1 Introduction

In the introductory lecture on the subject, we listed several important tasks in computer vision,
but so far we have only discussed the implementation of classification. In the current lecture, we
will examine various types of object detection and segmentation.

13.2 Semantic Segmentation

The task closest to classification is semantic segmentation, where we aim to classify every pixel
in the image. This can indeed be done using a classifier neural network with a sliding window
approach, but performing this for all pixels in an average image, which could be in the order of
hundreds of thousands or millions, would take an extremely long time.

Figure 13.1: The task of semantic segmentation.

13.2.1 Fully Convolutional Architecture

Therefore, it is beneficial to parallelize the process so that it can be performed with a single neural
network. Fully Convolutional Networks (FCNs) are suitable for this, consisting of a sequence of
convolutional and activation layers. The last layer of the network is also convolutional, with its
output channels corresponding to the number of classes, so the elements of the output activation
map can be considered as classifications for each pixel. The problem with this architecture is that
performing convolutions at the full original resolution of the image is expensive, so it is advisable
to incorporate down-sampling operations. However, this results in a lower resolution classification,
which is undesirable.

In practice, FCN networks consist of an up-sampling and down-sampling part, which are more or
less mirror images of each other. This way, we obtain an output of the same size as the original
image, but most of the processing is done at a lower resolution, making the runtime acceptable.
It is also worth noting that FCN networks typically include skip connections between the up-
sampling and down-sampling parts of the same resolution, which aids in the flow of gradients, thus
improving the convergence of training. Another advantage of these connections is that low-level
features detected early in the network help in more accurately defining the boundaries of classes,
which are lost during down-sampling.
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Figure 13.2: A typical FCN architecture.

The performance of FCN networks can be improved with several additional methods. One of the
simplest methods is the use of residual or dense blocks in the down-sampling part of the network.
This approach allows us to use deep networks with a large effective receptive field for segmentation
without making convergence difficult.

Another option is to use dilated (sometimes referred to as atrous) convolutional filters. The
effect of dilation is to increase the effective receptive field of the filter while keeping the number
of parameters the same. This allows the network to examine a larger context, improving the
consistency of segmentation. Similar improvements can also be achieved with Spatial Pyramid
Pooling (SPP). This method performs several pooling operations of different sizes in parallel on
the activation map produced at the end of the network and concatenates the resulting activations,
performing classification based on these features. The advantage of this solution is that by using
activations from multiple scale factors, we reduce the network’s sensitivity to scale. The pyramid
pooling operation is also often performed in a dilated manner for similar reasons.
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Pyramid Pooling
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(b) Image Pooling
Figure 5. Parallel modules with atrous convolution (ASPP), augmented with image-level features.

Figure 13.3: An architecture using dilated pyramid pooling.

13.2.2 Upsampling Methods

The remaining question is how to implement upsampling in convolutional neural networks. One
of the simplest ideas for this is the so-called unpooling operation, where we store the position of
the maximum value during down-sampling using maximum pooling, and during up-sampling, we
write the lower-level value into this position while keeping the other positions at zero. This aims
to preserve slightly more of the information lost during downsampling.

Another common solution is transposed convolution, which is essentially the reversal of convolution
with stride. The method’s name comes from the fact that convolution can be described as a
multiplication with a matrix, and transposed convolution is multiplication with the transpose of
this matrix. The advantage of this method is that the upsampling is learnable, which significantly
improves the quality of segmentation.

The name transposed convolution comes from the fact that convolution can be described as matrix
multiplication as follows:
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The transposed convolution corresponds to multiplication with the transpose of the previous ma-
trix. It is worth noting that in the field of deep learning, transposed convolution is often incorrectly
referred to as deconvolution. This mistake is equivalent to mixing up the transpose and inverse of
a matrix. One of the downsides is that with odd window sizes and even stride, the transposed con-
volution can introduce a checkerboard artifact into the upsampled tensor: Every second location
is "stamped” into twice as often as the locations in between.
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There is also a third common method, which is dense upsampling convolution. The essence of this
method is to use a convolutional layer to increase the number of channels in the given activation
map by a factor of four, then rearrange the resulting array so that the spatial dimensions of the
activation map are twice those of the original, while the number of channels matches the original.
This method also allows for learnable upsampling but comes with more parameters, thus learning
more complex transformations at the cost of slower operation.

Finally, it is worth mentioning that the currently most common upsampling method is simple
bilinear interpolation, followed by a traditional convolutional layer. This has the advantage of
being simple and smooth, while bilinear interpolation is also differentiable.
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Figure 13.6: Dense upsampling convolution (DUC).

13.3 Detection

After finishing the discussion on semantic segmentation, we turn to another important topic:
detection. In this case, the extracted features (usually bounding rectangles) are somewhat simpler,
but separating individual objects is still achievable.

13.3.1 Localization

One of the simplest variations of this is localization, where we enhance the classification task by
determining the bounding rectangle of the object of a given class. This task can also be easily
performed with neural networks, as it involves simply adding four additional outputs to a classifier
network. These outputs are required to accurately provide the four parameters of the bounding
rectangle. Since this is a regression problem, the accuracy of the rectangle parameters is ideally
measured using a squared error cost function. The total error of the localization network will be
the sum of the classification and regression error functions.

FC Cross
Class Entropy
Scores Loss

FC
Box
Coordinates

Figure 13.7: Architecture implementing localization.

13.3.2 Region-CNN

In the case of detection tasks, however, we have a significantly more challenging problem. This
is because objects of any number and class can occur, and the architecture must be designed
accordingly. Of course, we can provide a rough upper estimate of the number of objects, so we
could create a convolutional network with exactly that many different classifiers and bounding
box estimators. However, for N maximum objects and C' classes, this would mean N x (C' + 4)
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outputs, which could be enormous considering N might be in the dozens and C' in the hundreds
or thousands.

An alternative solution might be to use the region proposal methods discussed in previous lectures.
These methods are essentially traditional segmentation techniques that can produce coherent region
proposals. A convolutional neural network used for localization is then run individually on these
region proposals. This method is known as R-CNN (Region Convolutional Neural Net). It is worth
noting that the classifier output of the used localization network must include a "none” output in
addition to the relevant classes to filter out region proposals that do not contain objects.

Figure 13.8: R-CNN architecture.

One of the main drawbacks of the R-CNN method is that the neural network is run separately on
each region proposal, which is wasteful. An improved version of the method, Fast R-CNN, runs a
network composed only of convolutional and pooling layers on the entire image and then searches
for region proposals on the activation map produced. These proposals are then resized to the same
size using a specialized pooling operation (traditional pooling operations scale by a given factor).
Subsequently, a smaller network with only linear layers is run on the region proposals to perform
classification and bounding box estimation (Figure 11.8). This method operates 10-20 times faster
compared to the original R-CNN method.

Figure 13.9: Fast R-CNN architecture.

The slowest part of Fast R-CNN’s operation is the generation of region proposals, which accounts
for 90% of the runtime. Therefore, an even further improved version was developed, which generates
region proposals using a neural network called RPN (Region Proposal Net). This network produces
a fixed number of region proposals from the activation map created by the initial convolutional
part, and each is binary-classified (object/non-object). This is necessary because the network
produces a fixed number of region proposals due to the fixed number of outputs. In addition to
training the main detection network, the RPN network is also trained to accurately predict the
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bounding box and "objectness” of the regions. This method results in another tenfold speedup
compared to Fast R-CNN.

13.3.3 YOLO

It is important to know that efficient object detection can also be achieved without region proposals.
A prime example of this is the highly popular YOLO (You Ouly Look Once) architecture, which
should not be confused with the similarly abbreviated proverb. The YOLO solution fundamentally
resembles the approach suggested at the beginning of the detection discussion, which proposed
many separate localization outputs. In operation, YOLO first passes the image through a network
consisting purely of convolutions and pooling layers, thus producing the activation map used for
the final estimates.

For the final estimation, YOLO divides the image using an N x N grid and estimates B object
candidate bounding boxes from each cell. Each bounding box is associated with a C-output
classifier and a binary classifier that provides the confidence of the image segment falling within
the bounding box. Thus, each cell has B x (5+ C') outputs from the network, generated by a 1 x 1
convolutional filter. It is worth noting that YOLO estimates the bounding box positions relative
to the top-left corner of the YOLO cell, so each object detection is handled by the cell in which
the object’s center lies.

¥y

Figure 13.10: Grid and estimates produced by the YOLO model.

The width and height of the bounding box are estimated relative to a reference bounding box (i.e.,
anchor box), of which there are B in total (one for each estimate). The dimensions of the anchor
boxes are determined by clustering the bounding boxes in the training dataset into B clusters. It
is also important to mention that YOLO might detect an object multiple times during detection,
in which case the prediction with the highest confidence value is retained while the others are
discarded. This step is known as non-maximum suppression.

There are several versions of YOLO; for example, the use of anchor boxes was introduced in the
second version. The third version performs detection at three different scale factors, using the
so-called Feature Pyramid Network (FPN) module. This is a network component that contains
several consecutive upscaling layers, and it also forwards features from the earlier downscaling
parts of the network. The idea is that this produces high-level, abstract features (like those at the
original end of the network), but at a higher resolution—helping both accurate localization and
the detection of small objects.

Another common trick is the use of the module called Spatial Pyramid Pooling (SPP), which
essentially applies multiple pooling layers of different sizes in parallel. With this, the same image
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Figure 13.11: YOLO bounding box estimation method. The coordinates of the bounding box are
estimated relative to the grid’s top-left corner, and its dimensions are relative
to the anchor box.

feature can be generated with multiple receptive fields, making it easier to detect objects of different
scales simultaneously. With these solutions, YOLO’s performance improves significantly in the
accurate detection of objects of various sizes (especially small ones).

Later versions of YOLO have also introduced various important features, such as extensive data
augmentation involving blending and mixing images, requiring YOLO to detect all objects in all
images that were mixed. Later versions also used more advanced activation functions, such as the
Mish function (essentially a smooth ReLU).
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Figure 13.12: The FPN (top) and the SPP (bottom) modules.

13.3.4 Mask-RCNN

At the end of this subsection, it is worth mentioning the final task of the current topic, which
is object segmentation. In this case, we aim not only to segment the image semantically but
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also to distinguish between different objects of the same class. Although this is clearly the most
challenging task, it can still be understood with the knowledge gained so far. During RPN-based
object detection, we have already produced image segments containing individual objects, so our
task now is only to generate a binary mask for each object instead of the bounding box. This
can be easily done using the upsampling network part known from semantic segmentation. This
architecture is known as Mask R-CNN.

Figure 13.13: Mask-RCNN architecture.

13.4 Detection with Transformers

Naturally, in recent years, several solutions have been developed for applying the Vision Trans-
former architectures described in the previous chapter to the field of detection. One common
approach is to use the YOLO algorithm not with a convolutional backbone, but with a Swin-
Transformer backbone network. To understand this, it is worth realizing that YOLO itself is not a
neural network architecture (the original YOLO was merely a simple fully convolutional network),
but rather the prediction and loss function module placed at its end. This module can, in practice,
be attached without much modification to the output of a ViT, since that too simply estimates a
descriptor vector for each part of the image.

A completely opposite logic is represented by the DE: TR, (Detection with Transformers) architec-
ture, which retains the relatively efficient convolutional feature-extractor backbone, and instead
implements the detection scheme itself using transformers. In operation, the features provided by
the convolutional part are first encoded (based on their position on the grid), and then passed to
a transformer encoder. Its output is then fed as one of the inputs to the transformer decoder.

The decoder’s other input is a predefined sequence of object queries of fixed length, whose values
are learnable parameters of the network. This learning is, of course, performed using gradient
methods, since the query vectors are part of the computation graph, making this straightforward
to implement. Because each element of the query sequence will correspond to one output (and each
output is a detection), the length of this sequence should be set such that the number of queries
is greater than the maximum number of objects that might appear in an image.
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Figure 13.14: The DETR architecture.

It is also important to clarify how, during training, we assign ground truth objects to the individual
outputs, since this is essential in order to specify what each output should have predicted. In the
case of DETR, this is done by first comparing each prediction with each ground truth object, and
computing a quality measure that expresses how close a given prediction is to the actual object to
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be detected. This is usually done based on the overlap of the bounding boxes (or its generalized
variant). Then, based on these similarities, an optimal matching problem must be solved, which
is done using the Hungarian algorithm.

Although this method can indeed solve the matching, it is important to note that during the initial,
completely random predictions, the assignment of ground truth objects may change continuously
and drastically, which can significantly hinder training. It is also worth noting that DETR is much
less prone to detecting the same object multiple times, but this does not mean that the NMS step
can be entirely omitted.

13.5 Tracking

A vision problem related to detection, but somewhat more difficult, is object tracking. The diffi-
culty arises because it is not enough to simply detect the objects in each frame; they must also be
matched across frames. While the optimal matching problem can indeed be solved in polynomial
time using the Hungarian algorithm mentioned earlier, it matters greatly how the similarities used
for matching are computed. Furthermore, it is possible to perform tracking by simply estimating
the displacement of objects once detected across subsequent frames, but due to the accumulation
of relative estimation errors, this leads to increasing tracking error—also known as drift.

13.5.1 Tracking with Transformers

From what has been discussed so far, it may already be apparent that the Attention layer in
Transformer networks (especially when used in Cross-Attention mode) practically seems designed
to address the matching problem. After all, what it does is compute similarities between the
elements of two input sequences, and then assembles its output based on these. For this reason,
using Transformers for tracking follows naturally from the architecture.

The first such solution is the TrackFormer method, which essentially uses the DETR network with
one small but significant modification. On the first frame, the method works the same as DETR:
the image is passed through a convolutional encoder, then a transformer encoder, and finally the
network detects some objects in response to object queries. The next frame is processed in the
same way, but with the important difference that the transformer decoder now, in addition to
the pre-learned object queries, also receives the detections from the previous frame in the form of
extra track queries. Importantly, the architecture itself requires no changes, since transformers are
invariant to the length of their input sequences.

The key idea of TrackFormer is realized in its output: previously found objects must appear in the
outputs computed from their associated track queries, while the general object queries are reserved
solely for detecting newly appearing objects. With this trick, TrackFormer learns to perform the
matching task internally, eliminating the need to run the Hungarian algorithm, and removing the
need to explicitly define how to compute similarity—since TrackFormer learns this itself.

Transformer Transformer
Encoder
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Figure 13.15: The TrackFormer architecture.
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14 Unsupervised Learning

For years, the unparalleled success of deep learning was deeply tethered to the paradigm of su-
pervised learning. In this framework, models are trained to map an input to a specific, human-
annotated label. While this approach has yielded state-of-the-art results in tightly closed domains,
it suffers from several fundamental bottlenecks. The most glaring of these is the data bottleneck:
human labeling is expensive, slow, prone to bias, and entirely unscalable when compared to the
vast, exponentially growing ocean of unannotated data available on the internet. By relying strictly
on supervised signals, we are essentially starving our models of the rich context of the real world,
restricting their learning to a microscopic fraction of available data.

Beyond the sheer logistical strain of data curation, supervised learning fundamentally limits a
model’s cognitive capacity by forcing it into a regime of mimicking human annotations. Instead
of learning the intrinsic laws, structures, and physics of a visual scene, a supervised network
optimizes purely for the shortcuts necessary to predict the provided label. This creates brittle
representations that exhibit shockingly poor generalization when exposed to out-of-distribution
environments. Because the model was never taught what an object actually is, but rather how to
classify it based on specific superficial features, minor shifts in lighting, background context, or
viewpoint can cause the system’s performance to degrade catastrophically.

14.1 Generative Unsupervised Learning

Unsupervised learning rejects the necessity of human labels, pivoting instead to a philosophy where
the data itself serves as the supervisor. The cornerstone of this paradigm is generative modeling.
Rather than predicting a simple categorical label y given an input image z, generative models
attempt to model the underlying probability distribution of the data, p(z). The core intuitive
assumption supporting this approach is the manifold hypothesis: while an image might exist in a
massive, high-dimensional space (where every single pixel is a dimension), the valid configurations
that represent real-world objects actually occupy a highly constrained, much lower-dimensional,
continuous surface embedded within that space.

Generative learning can therefore be understood as the process of forcing a neural network to dis-
cover the coordinate system of this hidden, low-dimensional manifold. If a network can compress a
complex scene down to its essential latent factors and then accurately reconstruct or synthesize a
brand-new, realistic sample from that representation, it proves that it has mastered the underlying
structure of the domain. By shifting our objective from superficial label matching to full data
distribution modeling, we unlock the ability to train networks on limitless unlabeled data, culti-
vating representations that are inherently more robust, flexible, and deeply aware of the structural
composition of the visual world.

14.1.1 Autoencoders

The fundamental cornerstone of classical generative modeling and representation learning is the
traditional Autoencoder (AE) architecture. These neural network models were particularly popular
in the late 2000s, during an era when training deep neural networks reliably was incredibly difficult
due to the lack of modern initialization, normalization, and regularization techniques. The core
essence of an autoencoder is that it maps a high-dimensional input vector = into an internal, lower-
dimensional hidden layer (z). It is a critical geometric constraint that this hidden layer contains
fewer variables than the input—a design property known as a structural bottleneck.
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Following this compression, the objective of the Autoencoder is to reconstruct an estimate of the
original input, &, at its output layer while minimizing a reconstruction loss function, such as the
Mean Squared Error (MSE). If the hidden layer’s dimension were equal to or larger than that of
the input, the network could trivially learn a simple identity function, merely copying pixels from
input to output without extracting any meaningful underlying data structure.

Image (x')

{

p®(x|z) Decoder

Hidden Vars (z)

%(Z|X)

Figure 14.1: The Structure of an Autoencoder.

Naturally, an Autoencoder can consist of multiple stacked hidden layers. In the early days of deep
learning, these layers were frequently added to the architecture sequentially using a technique called
layer-wise unsupervised pre-training, where each layer was trained specifically to reconstruct the
activations of the preceding layer. Such an architecture—often called a Stacked Autoencoder—can
be cleanly divided into two functional blocks: the dimensionality-reducing encoder portion, which
maps the input into the lower-dimensional latent subspace (z = f(z)), and the upscaling decoder
portion, which reconstructs the input from these latent variables (Z = g(z)). In the 2000s, the
pre-trained encoder weights and their latent representations were widely utilized to initialize and
solve complex downstream classification tasks.

A significant extension of this framework—which can be viewed as a direct precursor to contem-
porary self-supervised learning—is the Denoising Autoencoder (DAE). Under this paradigm, the
network is not fed a pristine input image; instead, it receives a corrupted version that has been
degraded by artificial noise (such as Gaussian or salt-and-pepper noise). The objective of the
network is to eliminate this corruption and reconstruct the original, uncorrupted input. This con-
straint prevents the model from relying on simple pixel-copying shortcuts, forcing it to learn the
underlying manifold of valid data.

Remarkably, this exact principle forms the bedrock of modern Diffusion Models, which currently
dominate the generative Al landscape. Instead of performing a single denoising step, a diffusion
model is trained to predict and subtract small increments of noise over a series of sequential
timesteps. During generation, the model is fed pure, unstructured Gaussian noise and runs this
DAE-like denoising operation in an iterative loop. Step by step, it gradually shapes the random
noise into a highly detailed, coherent, and completely novel image based on the data distribution
it mastered during training.

Expanding on this concept for structural architectures, the Masked Autoencoder (MAE) scales up
the denoising philosophy to an extreme degree, typically applied within the Vision Transformer
(ViT) framework. Instead of adding pixel-level noise, an MAE randomly masks out a massive
portion of the input image—frequently over 75% to 80% of its spatial layout—leaving only a few
scattered, visible patches. The network’s decoder is then tasked with reconstructing the missing
pixels for the entire image. Because the vast majority of the scene is missing, the model cannot rely
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Figure 14.2: The Denoising Autoencoder.

on local interpolations or simple edge extensions. It is forced to learn highly complex, high-level
semantic representations and structural context (such as understanding that a partially visible
furry object near a wheel belongs to a cat sitting next to a car) to successfully rebuild the scene
from a fraction of its parts.
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Figure 14.3: The Masked Autoencoder.

14.1.2 Generative Adversarial Nets

One well-known method among generative models is the framework called Generative Adversarial
Networks (GANs). This architecture family derives its core concept from game theory rather than
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standard probability theory: it is based on two neural networks competing against each other.
One is the discriminator network, which is fundamentally a downscaling-type binary classification
network. The discriminator’s task is to determine whether an input image presented to it is a
genuine sample from the dataset or a generated fake. Its opponent is the generator network, which
is an upscaling-type network that attempts to synthesize an image from a random, noise-like latent
variable vector provided at its input, with the ultimate goal of deceiving the discriminator network.

Real vs Fake

Discriminator Net

Fake Images Real Images

Generator Net

Figure 14.4: The architecture of GAN networks.

During the training of GANs, the costs of the two networks are optimized simultaneously in the
following manner:

maze,|[Eylog Do, (z) + E, log(1 — D@d(Geg (2))] mine, [E, log(1l — D@d(G@g (2)))] (14.1)

Thus, the discriminator network simultaneously attempts to maximize its output on real images
and maximize the inverse of its output on generated images. Meanwhile, the generator network tries
to minimize this second term. To achieve this, the SGA (Stochastic Gradient Ascent) method—
i.e., gradient maximization—is applied to the discriminator, while the standard SGD method
is used for the generator. However, this introduces a significant practical problem: due to the
mathematical shape of the logarithm function, the gradient of the cost function is extremely small
when the generated images are very poor—which is precisely the case at the beginning of training.
Therefore, the cost function is modified so that instead of minimizing the probability of being
caught, the generator maximizes the probability of a successful deception. Consequently, the SGA
method is applied to the generator as well. As a result of this modification, the cost functions
change as follows:

mazre,[E; log De,(x) + E.log(1 — De,(Ge,(2)))] maze,|E. log(De,(Ge,(2)))] (14.2)

It is important to highlight that the latent variables utilized by GAN networks are truly capable of
describing certain attributes of the generated images in a logically meaningful way for humans. A
prime example of this is that mathematical vector operations applied within the latent space yield
results consistent with human reasoning—something that is completely untrue when applied to
raw pixel values. Furthermore, by interpolating between two arbitrary points in this latent space,
we interestingly obtain smooth semantic transitions between the contents of the respective images.

Although GANSs are capable of generating images of extraordinary quality, they suffer from several
practical difficulties. For instance, it is difficult to isolate the exact meaning of the aforementioned
hidden variables, because semantic features that are interpretable by humans usually appear "en-
tangled” with other variables within the GAN’s latent space. By this, we mean that a single latent
variable does not exclusively control a isolated feature like the presence of glasses, a smile, or hair
color, but rather represents a complex combination of them.
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Figure 14.5: In the case of GAN-generated images, mathematical operations performed in the
latent space yield semantically meaningful results.

Furthermore, training GANSs is notoriously difficult. Effective learning requires a delicate equi-
librium where neither party completely wins the competition between the two sub-networks; if
one dominates, learning stagnates entirely. A specific manifestation of this failure mode is Mode
Collapse, a phenomenon that occurs when the discriminator wins the game and manages to easily
recognize all images from the real database. In response, the generator attempts to over-optimize
and exploit a narrow set of specific examples that the discriminator currently happens to evaluate
as realistic. Consequently, the generator will produce identical (or at least highly similar) images
regardless of the random input vector it receives.

14.2 Self-Supervised Learning

In the preceding lines, we explored a form of unsupervised learning aimed at solving the problem of
image generation. During our discussion on GANs, we highlighted that the internal representation
learned by the generator is exceptionally expressive, suggesting it could be highly useful for the
pre-training of encoder neural networks. However, training GANs is notoriously difficult and
cumbersome, which naturally raises the question: Is it possible to pre-train a neural network in a
simpler manner such that it learns features that generalize well to downstream tasks?

The answer is, of course, yes, and the methodology forms the core subject of this section. If we
recall the previously discussed paradigm of transfer learning, we can observe that a very similar
problem was solved there; however, that pre-training phase relied on a different—usually larger—
labeled dataset. In this section, we focus on methods capable of learning from an unlabeled
image database by automatically generating the training task directly from the images themselves.
Consequently, the labels are produced without any human intervention. This paradigm is referred
to as self-supervised learning.

There are several distinct schemes within self-supervised learning. In the case of so-called pretext
tasks, an explicit proxy task is defined over the given dataset. In contrast, contrastive learning
alms to train a robust representation for the network based on the inherent similarity and dissim-
ilarity between input data points. Ultimately, our goal is to obtain an encoder network that can
subsequently learn effectively even when fine-tuned on extremely small datasets containing only a
few labeled images per class.

14.2.1 Pre-text Tasks

The first major form of self-supervised learning involves solving pretext tasks. These are proxy
objectives that can be generated automatically from the image database used for training. For
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example, by masking out a portion of the input, we can instruct the network to predict and
reconstruct the obscured area as accurately as possible based on the remaining visible regions.
More generally, if we assume a temporally extended input (such as video data), we can generate
tasks by having the network predict any component of the past-present-future triad from the
others. Naturally, it is also possible to divide the present information into multiple components
and frame the task as predicting one component from another. Because the entirety of the raw
input is available, these tasks can be generated completely automatically.

P Predict any part of the input from any Time —
other part.
» Predict the future from the past.

> Predict the fuiure from the recent past. ’ ’

P Predict the past from the present. ﬁ— - ’

> Predict the from the bottom. ‘ _____ ’

> Predict the occluded from the visible !

P Pretend there is a part of the input you « Past Present Future —
don’'t know and predict that. ' Slide: LeCun

Figure 14.6: The principle of self-supervised learning.

Let us first examine the scenario where we only have a database consisting of static images, as
this is substantially more common in practical applications. One of the earliest pretext task-based
methods, known as ROTATION, exploited the geometric orientation of images. The researchers
attached a simple four-class classification head to the convolutional encoder being trained in a self-
supervised manner. Then, the images within the database were randomly rotated by 0°,90°, 180°,
or 270°. Crucially, this was not performed beforehand but rather on the fly during data loading,
meaning each image had a 25% probability of appearing in any of the four possible orientations.
The network was then trained to predict the exact degree to which a given image had been rotated,
where each output class corresponded to one specific rotation angle.

\ Objectives:
, ConvNet Maximize prob. |
> g(X, y=0) L ﬁ » model F(.) ‘ > Fn( Xn)

Rotate 0 degrees o N | Predict 0 degrees rotation (y=0)
Rotated image: X
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o |
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Rotated image: ¥ Predict 270 degrees rotation (y=3) |

Figure 14.7: Solving the Rotation pretext task.

A subsequent noteworthy method is Patches (often referred to as the relative position prediction
task). Here, a random anchor patch is selected from an image, followed by 8 neighboring patches
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located on a surrounding 3 x 3 grid. The spatial positions of these 8 outer patches are slightly
randomized so they are not always sampled from the exact same relative coordinates. Following
this, the central anchor patch along with one of the neighboring patches are fed into the net-
work to perform a classification task. The network is expected to correctly guess the relative
spatial direction of the neighbor patch with respect to the center (where the 8 possible grid po-
sitions correspond to 8 distinct classes).With this specific method, it is crucial to emphasize that
performing aggressive color augmentation on the patches is absolutely vital. In images captured
by physical camera sensors, chromatic aberration is a common phenomenon that manifests as a
position-dependent distortion within the color channels. If left unmitigated, the network could
easily exploit these subtle color channel misalignments to solve the relative position task perfectly,
completely bypassing the need to learn high-level semantic representations of the visual content.

Example:

Figure 14.8: Solving the Patches pretext task.

14.2.2 Autoregressive Generation

While hand-crafted pretext tasks like rotation or patch position prediction demonstrated the fea-
sibility of self-supervised learning, they suffer from a fundamental flaw: they are highly arbitrary.
Coming up with these tasks requires careful human engineering, and there is absolutely no mathe-
matical guarantee that the highly specific features a network develops to solve a proxy task—such
as detecting chromatic aberration or image orientation—will actually translate into useful, gen-
eralizable representations for downstream applications. To overcome this limitation, researchers
shifted toward a more universal and intrinsic pretext task: predicting an unseen part of the data
from the visible parts.

This concept can manifest in two ways. The first is predicting an unseen part of the present using
other visible parts, a prime example of which is the Masked Autoencoder (MAE) discussed earlier.
The second, more general form is autoregressive modeling, or next-token prediction, where the
model is tasked with predicting the immediate next element in a sequence based entirely on the
preceding elements. Mathematically, an autoregressive model decomposes the joint probability
distribution of a sequence into a product of conditional probabilities, meaning each prediction is
strictly conditioned only on the history of past tokens.

This sequence-based approach is incredibly natural for text, but it has recently revolutionized com-
puter vision as well. While implementing autoregressive operations on 2D grids with traditional
Convolutional Neural Networks (CNNs) was computationally cumbersome, modern Vision Trans-
formers (ViTs) inherently break images and videos down into sequential tokens (patches). This
structural alignment makes autoregressive pre-training remarkably simple to implement across
modalities.

The landmark breakthrough of this paradigm is OpenAI’'s GPT (Generative Pre-trained Trans-
former) series in the natural language domain, which fundamentally pushed artificial intelligence
into the mainstream. Following this exact same philosophy, autoregressive image and video gen-
erators have risen to become state-of-the-art (SOTA) systems in computer vision. By learning
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Figure 14.9: The autoregressive generation framework.

to predict the next pixel patch or video frame over massive, unannotated datasets, these models
naturally absorb the underlying physics, semantics, and structural laws of the visual world without
requiring a single human label.

14.2.3 Contrastive Learning

The methods discussed thus far have relied either on an explicit pretext task or on a predictive
sequence task. The underlying concept behind these approaches was that in order to solve them,
the network must learn universally applicable image features that would subsequently be suitable
for other downstream tasks. However, even during our discussion of pretext tasks, we noted that
this assumption does not necessarily hold true. While predicting missing data or sequence tokens
appears to be a more generalized objective, we may still wonder whether it is possible to explicitly
train the network to map similar images close to one another within the learned representation
space, while mapping dissimilar images to distant locations.

The answer is yes, and these methods are collectively referred to as contrastive learning algorithms.
Formally, in such an algorithm, there exists an anchor reference sample z, along with a set of
positive samples 1 relative to the anchor, and a set of negative samples ~. The learning algorithm
is a function f that maps the input samples into an abstract feature space, and our objective is to
ensure that f(z) and f(x*) are highly similar, while the values of f(x) and f(z~) are distinctly
different—that is:

Score(f(z), f(x1)) >> Score(f(z), f(x7)) (14.3)

Most early methods achieved significant success resulting in usable encoders. However, it is im-
portant to note that a considerably difficult problem still arises within the learning process: a vast
majority of the negative samples are easy, so-called easy negatives. This occurs because almost
any neural network is inherently capable of mapping images with completely different semantic
content to distant points within the feature space.

The true success of the learning process relies on successfully separating similar looking but seman-
tically distinct images—known as hard negatives. These specific examples, however, are relatively
rare, meaning that randomly sampled minibatches will presumably be dominated by easy nega-
tives. One solution to this issue is a technique called hard negative mining. The essence of this
approach is that during training, we intentionally search for difficult negative examples (for in-
stance, those that the network previously misclassified or mapped too closely) and inject them
back into the training loop with a significantly higher probability.

161/168 UNSUPERVISED LEARNING



Computer Vision Systems

SimCLR

Throughout the preceding discussion, I have tactically omitted the question of how we determine
whether two samples share a positive or negative relationship. This was intentional, as most early
contrastive solutions determined these relationships based on the ground-truth class labels of the
images—meaning they relied on an annotated dataset suitable for supervised learning. Their results
were remarkable nonetheless, as they demonstrated that classification can be mastered without the
explicit enforcement of labels; however, this cannot yet be considered true self-supervised learning.

The subsequent method, known as SimCLR (Simple Framework for Contrastive Learning of Repre-
sentations), operates differently. This method leverages data augmentation techniques to generate
positive samples. Consequently, two distinct images will be treated as a negative pair even if they
belong to the same underlying object class, provided they were not derived from the exact same
source image. In this method, the minibatch is constructed such that every single image has ex-
actly one corresponding positive counterpart. A key innovation of SimCLR was the introduction
of a novel similarity function, namely cosine similarity. Cosine similarity is simply the cosine of
the angle enclosed by two vectors, defined as:

. aTy
CosSim(x,y) = Tl Tl (14.4)

A significant advantage of cosine similarity over the Euclidean distance metric (or other similar
metrics) is related to optimization stability. If a specific component of the loss function (either
minimizing the distance between positive pairs or maximizing the distance between negative pairs)
begins to dominate for some reason, the network may exploit this by optimizing only that dominant
term at the expense of the other. Consequently, this can lead to representation collapse, yielding
either a null vector for all data points or an infinitely large vector (making their absolute distances
either zero or infinity). In contrast to absolute distance metrics, cosine similarity evaluates only
the enclosed angle of the vectors, effectively preventing such degenerate solutions.
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Figure 14.10: Augmentations used during SimCLR.

It is also worth noting that the SImCLR framework functions optimally when a diverse and highly
aggressive suite of augmentations is utilized, ensuring that the positive pairs are substantially al-
tered. Otherwise, the contrastive task can easily become trivial. Similarly, employing a remarkably
large minibatch size is critical for effective learning, as it significantly increases the probability of
containing challenging and informative negative samples within the batch. Naturally, hard nega-
tive mining can (and should) be applied here as well.

CLIP

The paradigm of contrastive learning is not restricted to a single modality like static images;
it can be powerfully extended to multimodal data, which refers to information originating from
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fundamentally different sensory formats—such as text, audio, video, or thermal data. Training
a multimodal contrastive model requires a curated dataset of paired modalities, with the most
common being image-caption pairs scraped from the internet. The goal of this setup is to teach a
neural network to bridge the semantic gap between entirely different data types, aligning text and
imagery into a shared, unified understanding of the world.

A landmark example of this approach is OpenAI’s CLIP (Contrastive Language-Image Pre-training).
Instead of comparing an augmented image to other images as in SimCLR, CLIP compares an im-
age to its corresponding textual description. The architecture consists of two separate, parallel
encoders: an image encoder (such as a Vision Transformer or ResNet) and a text encoder (such
as a standard Transformer). Both encoders process their respective inputs and map them into a
shared latent feature space of identical dimensionality.

During a training step, a minibatch of N image-text pairs is processed, constructing an N x N
matrix of similarity scores. The contrastive objective is optimized to maximize the cosine similarity
along the diagonal (the N correct image-text pairs) while simultaneously minimizing the similarity
for all off-diagonal elements (the N2 — N incorrect, mismatched pairs).

This elegant multimodal framework is highly versatile and can be applied to virtually any combi-
nation of data formats. For instance, VideoCLIP applies this identical contrastive philosophy to
video processing by utilizing a video encoder alongside a text encoder to track semantic actions
over time, illustrating that the core mechanics of contrastive alignment are universally applicable
across the entire spectrum of digital media.
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Figure 14.11: The CLIP framework.

14.3 Few-Shot Learning

Finally, it is worth noting that while an important advantage of other methods over contrastive
ones is that hard negative samples do not present a difficulty, contrastive learning possesses several
unique benefits. One of these was already touched upon in the introduction: these networks are
explicitly forced to learn useful representations, whereas in other paradigms, we merely assumed
that the mastered features would generalize effectively.

Another advantage is that features learned via contrastive methods can be easily utilized to im-
plement a human capability using neural networks that traditional supervised learning algorithms
are simply incapable of achieving. This capability is known as few-shot learning—the ability to

163/168 UNSUPERVISED LEARNING



Computer Vision Systems

learn to recognize a completely new, previously unseen class after being presented with only a few
labeled examples.

Several sub-cases of few-shot learning are recognized. In the most challenging scenario, known
as zero-shot learning, the network is not shown a single visual example of the new class; instead,
it must adapt to the new class without any explicit fine-tuning. In one-shot learning, it receives
exactly one labeled image. More generally, few-shot learning algorithms learn the new class based
on a small ("few”), but greater than one, number of labeled images.

One of the simplest methods for few-shot learning is the framework called Matching Networks.
During its operation, we utilize a contrastively pre-trained encoder to generate the feature rep-
resentation of an incoming query image that needs to be classified. We are also given a support
set (or key dataset) containing the few available images for the new target classes, and we extract
their features using the exact same encoder. Following this, the feature vector of the query image
is compared against the feature vectors of the support set, and classification is performed based
on these similarities (for instance, via majority voting or distance-weighted voting).

Figure 14.12: The principle of the Matching Network method.

Moreover, one of the methods discussed earlier can be used to achieve the holy grail of computer
vision. Beyond its remarkable multimodal alignment capabilities, the true brilliance of CLIP lies
in how it seamlessly unlocks zero-shot classification. In traditional supervised computer vision, a
model is bound to a rigid, predetermined set of numerical classes (e.g., class 0 for cat, class 1 for
dog), meaning it cannot recognize a new category without replacing its final layer and undergoing
expensive retraining. CLIP completely bypasses this limitation. To classify an unseen image, you
simply feed the names of your target classes into the text encoder to generate text embeddings for
each category. Concurrently, the unlabelled image is processed through the image encoder. By
computing the cosine similarity between the single image embedding and all of the generated class
text embeddings, the model identifies the text vector with the highest similarity score, effectively
predicting the correct label without a single weight update.

In practice, passing raw, isolated class names (like ”cat” or “car”) into the text encoder often yields
sub-optimal results because the text model was pre-trained on full, natural sentences found across
the internet. To maximize accuracy, developers utilize a technique called prompt ensembling.
Instead of a single word, the class names are inserted into predefined descriptive templates, such as
”A photo of a [class]”, "A close-up of a [class]”, or "A type of [class] rendered in 3D”. By averaging
the text embeddings generated from a diverse collection of these descriptive prompts, the model
captures a significantly more robust and nuanced semantic representation of the category. This
simple trick drastically stabilizes the zero-shot inference process, enabling CLIP to match or even
outperform specialized, fully supervised models across a massive array of diverse vision tasks.
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Figure 14.13: Zero-Shot classification using CLIP.

14.4 Knowledge Distillation

While these so-called Foundation models are incredibly useful, they are also often prohibitively
expensive, especially in embedded, edge environments. To overcome this it would be highly bene-
ficial to transfer the knowledge of these models into smaller, more efficient architectures.

While training a compact neural network from scratch using standard ground-truth targets is
entirely viable, it often fails to capture the intricate, high-level abstractions that massive state-
of-the-art architectures develop. Large models possess superior expressive capacity, allowing them
to achieve peak accuracy, but their size makes them impractical for direct deployment on edge
devices. To bridge this gap, knowledge distillation aims to transfer the rich, generalized internal
representations of a large, high-capacity model (the teacher) into a compact, efficient network (the
student), allowing the smaller model to achieve near-SOTA performance.

The core philosophy behind this transfer relies on the concept of “dark knowledge” hidden within
the model’s soft output probabilities. For instance, in a hard-labeled classification task, a picture
of a Siberian Husky is labeled simply as [1, 0, 0] (Husky, Car, Mug). However, a well-trained
teacher model might output a probability distribution such as 70% Husky, 29% Wolf, and 1% Car.
This soft distribution contains vastly more structural information than a rigid, binary label; it
explicitly reveals to the student that a Husky shares immense semantic and visual similarity with
a Wolf, but absolutely zero similarity with a Car. By learning to mimic these nuances, the student
absorbs the structural boundaries mapped out by the teacher.
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Figure 14.14: The response distillation framework.

Knowledge distillation is broadly executed through two main paradigms:

Response Distillation: This approach focuses entirely on matching the final outputs of the
two networks. The soft output logits of both the teacher and the student are scaled using a
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hyperparameter called temperature (7'), which softens the probability distributions to amplify the
secondary, non-target probabilities. The distillation process is implemented as an auxiliary loss
function—specifically using Cross-Entropy or Kullback-Leibler (KL) Divergence—which penalizes
the discrepancy between the student’s softened outputs and the teacher’s softened outputs. This
auxiliary loss is typically trained in tandem with the standard supervised cross-entropy loss based
on the hard ground-truth labels.

Feature Distillation: While output logits convey semantic relationships, an even richer source of
information resides deeper within the network: the intermediate feature maps. Feature distillation
forces the student’s hidden layers to directly mimic the intermediate activation spaces of the
teacher’s hidden layers. Because the student network has physically smaller feature dimensions, a
projection layer (such as a 1 x 1 convolution) is typically inserted after the student’s intermediate
layers to match the spatial and channel dimensions of the teacher. This distillation can be enforced
across multiple structural levels of the network, forcing the student to learn identical edge, texture,
and compositional abstractions as it processes data.
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Figure 14.15: The feature distillation framework.

These two strategies are entirely complementary. In production-grade workflows, engineers fre-
quently deploy both response distillation and multi-level feature distillation simultaneously, creat-
ing a comprehensive training pipeline that forces the student network to align its internal reasoning,
abstract feature extraction, and final semantic decisions with the high-capacity teacher.

14.4.1 DINO

It is also important to highlight the DINO framework, a prominent method designed for the self-
supervised pre-training of Vision Transformers (ViTs). The core mechanics of DINO revolve also
around two concurrent networks: a student network and a teacher network, both configured to
perform a classification task. From the unlabeled input images, the pipeline first extracts both
local crops (spanning < 50% of the full image area) and global crops (spanning > 50% of the full
image area), which are then heavily augmented. Following this, the global crops are routed to the
teacher network, while the local crops are passed to the student network.

The student network is optimized to output the exact same probability distribution as the teacher
network, while the teacher’s weights are updated using a momentum-based moving average of the
student’s weights (similar to the momentum encoder approach used in related methods). As a con-
sequence of this setup, the networks learn to construct an internal representation that generalizes
robustly between localized details and global context, making the resulting features exceptionally
powerful for a wide array of downstream tasks.

However, this method can be highly sensitive to the mode collapse phenomenon commonly observed
in generative models; meaning there is no inherent mathematical constraint preventing the networks
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Figure 14.16: The DINO architecture.

from outputting the exact same uniform feature vector regardless of the input image. To circumvent
this issue, DINO applies two specific heuristics in tandem: centering and sharpening.

Centering—true to its name—calculates a running average (typically via exponential moving av-
erage) of the probabilities predicted by the networks and subtracts it from the current predictions.
Consequently, if the network were to predict the exact same output for every input, this constant
bias would be continuously subtracted out, forcing the network’s raw logit values down to near-
zero. Following this, sharpening scales the input to the SoftMax function by dividing it by a small
temperature parameter (effectively multiplying by a relatively large positive number). This makes
the post-SoftMax distribution significantly more "peaked,” as the large multiplier amplifies even
the most minute variations among the input logits. Because a network is incapable of predicting
perfectly identical values for every distinct input, these magnified microscopic differences force the
final output distribution to diverge, thereby successfully averting representation collapse.

As apparent from the above description, DINO is also an example of Knowledge Distillation meth-
ods, however, it is something called self-distillation, where the teacher and student networks are
the same. Even more impressively, DINO does not use any labels, instead it simple guesses some
pseudo-labels for each image.
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